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ABSTRACT
This thesis theoretically investigates quantum features in nano- and micromechanical
oscillators. The thesis aims at proposing novel schemes to prepare mesoscopic mechan-
ical systems in non-classical states including entangled states. The main emphasis of
the work is to understand genuine quantum features in coupled harmonic oscillators
with infinite dimensional Hilbert spaces. With the recent experimental breakthroughs
in achieving the ground state of mesoscopic mechanical systems, the time is now ripe
to investigate in detail a full quantum description of such mesoscopic mechanical sys-
tems. Thus, the main emphasis of the thesis is on probing salient quantum features
in coupled mechanical systems that are assumed to be prepared in vibrational states
close to their quantum ground states. A major part of the thesis makes use of var-
ious theoretical techniques widely used in quantum optics and quantum information.
The majority of the results reported in this thesis involves analytical calculations aug-
mented with numerical investigations. We believe many of the results obtained will be
of interest to researchers with background in quantum optics and quantum information
and with research interest in the quantum-classical crossover in continuous variable
systems.
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CHAPTER 1
QUANTUM-CLASSICAL BORDER ?
It is commonly believed that classical mechanics governs the macroscopic world while
the microscopic world comes under the paradigm of quantum mechanics. This asser-
tion is not very convincing, especially in the light of the fact that there is nothing
intrinsic in quantum mechanics that forbids it from governing the macroscopic world.
Over the years, this particular notion has been very strongly debated and there are
long standing arguments to ascertain the validity of quantum mechanics in the macro-
scopic world [1].
However, we all agree that normally we do not see quantum superpositions at everyday
length scale and this might prompt us to question the validity of quantum mechanics
in our ‘classical’ world. A widely accepted notion of quantum-classical crossover is
the concept of environment-induced decoherence [2]. Decoherence induced by the en-
vironment is widely assumed to be the cause of degradation of any quantum system
to its classical counterpart. Another interpretation from Penrose rules out the possi-
bility of macroscopic superpositions, which he attributes to the gravitation induced
state collapse [3]. He argues that a massive object that exists in two or more places
simultaneously interacts with itself through gravity in a way that ‘tugs’ it to one
place or the other. Many world-leading physicists including Penrose have had serious
1
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disagreements with some of the postulates of quantum theory, but for the sake of the
present work we assume that the quantum theory is correct. Building on this asser-
tion, in the present work we want to explore the possibility to see genuine quantum
effects in the mesoscopic domain.
It is now commonly believed that the vanishing of quantum superpositions is a result
of our inability to perfectly isolate the system of interest from its surroundings and this
gives rise to decoherence. Decoherence thus mainly arises as a result of interaction of a
quantum system with its environment which ‘entangles’ the two and redistributes the
quantum coherence over so many degrees of freedom so as to render it unobservable
[4].
Mesoscopic or even macroscopic systems could be the excellent candidates to study
the unavoidable effect of decoherence. This is mainly because of the available many
degrees of freedom, these big systems can store a large amount of energy, which
eventually undergoes decoherence and gets dissipated as thermal radiation. Such
experimental studies on macroscopic molecules such as C70 have already been carried
out, and found to be in good conformity with theoretical predictions [4]. Nonetheless,
in most cases, the negative influence of an environment on any quantum system
becomes magnified at the macroscopic scale, which eventually results in reducing any
quantum coherence to an incoherent mixture.
This motivates us to ask ourselves a difficult but interesting question about the limits
of the quantum theory : Is it really possible to conceive a situation where we can
see a quantum superposition state in the mesoscopic or macroscopic domain, and if
not, then what are the ‘boundaries’ of the quantum theory ? Precisely setting the
boundary between the quantum and the classical world has remained one of the most
difficult conundrums for the physicists for a long time.
Over the past few years, probing of quantum-classical border has developed into an
exciting research area with high impetus both from theory and experiments. To quote
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Zurek, “...small gaps in the landscape of the border territory between the quantum
and the classical were actually not that small after all and that they presented ex-
cellent opportunities for further advances” [2]. Thus studies related to understanding
quantum-classical crossover are important not only from a theoretical point of view,
but also have huge potential to improve our understanding of various experimental
results and most importantly to understand the mysteries of Nature.
Recently we have witnessed some fascinating experimental realisations confirming
some of the strange quantum effects [5, 6]. This fray of studying the quantum prop-
erties of mesoscopic systems includes proposals for entanglement generation between
Bose-Einstein condensates [7] and quantum coherence between atomic ensembles [8].
The unprecedented level of sophistication achieved in manipulating and controlling
mesoscopic and even macroscopic systems has resulted in a far better understanding
of their inherent quantum nature.
In this quest for studying the level of ‘quantumness’ present in mesoscopic objects,
tremendous progress has been achieved in exploring the quantum regime of nano-
and micromechanical systems [9]. Physical systems as diverse as nanomechanical
oscillators, mirrors, micro cavities and nano-membranes are excitingly being explored
to study their quantum properties. These mechanical systems offer a very promising
playground to study the quantum-classical crossover. This is mainly because these
miniaturised vibrating systems contain macroscopic number of atoms and can be
fabricated to have very high resonant frequencies and exceedingly large quality factors
[10], thereby guarding against the effects of decoherence.
If quantum mechanics is to be believed then a vibrating mechanical system should
lose or gain energy in discrete dollops proportional to its fundamental vibrational
frequency. But, with the commonly encountered temperatures of the surroundings
and low vibrational frequencies of mechanical oscillators, normally the thermal en-
ergy overpowers the quantum contribution. Thus at ordinary ambience, mechanical
systems wiggle under the action of thermal energy and thereby making it hard to
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notice any interesting quantum phenomenon.
Nevertheless, with the nanomechanical oscillators’ frequencies approaching GHz range
and their length scale entering in the nano-regime, the man made nanomechanical
systems needs to be cooled to temperatures ∼ mK. In this temperature regime, the
quantum energy ~ω will be comparable to the thermal energy kBT . Such temper-
atures should allow one to observe truly quantum mechanical phenomena, such as
preparing mechanical oscillators in number states [11], squeezed states [12, 13] and
Schro¨dinger’s cat states [14, 15, 16]. Mesoscopic mechanical systems could thus be the
ideal candidates with the potential to help us solve the puzzle of the quantum-classical
transition.
With the fast paced developments in the fabrication and manipulation techniques of
nano- and micromechanical systems, it appears very likely that soon we will enter
in an era where the dynamics of nano- and micromechanical systems will be fully
governed by the laws of quantum mechanics and classical description will thus be-
come inadequate. Although there have already been attempts to envisage quantum
mechanical phenomena on a mesoscopic scale, the possibility to achieve the quantum
ground state of a mesoscopic mechanical system has remained one of the prerequi-
site to explore its ‘quantum-world’ any further. The advancement in techniques such
as laser cooling of mechanical resonators [17, 18, 19, 20] has brought quantum state
preparation within experimental reach. Very recently, O’Connell and co-workers were
able to cryogenically cool a mechanical resonator to its quantum ground state, and
were also successful in strongly coupling it to a superconducting qubit to read out
the motion of the resonator [21]. They were triumphant in controllably creating a
single phonon excitation in the resonator, thereby setting a first step in attaining
a complete quantum control of a mechanical system. Adding another milestone to
the rapidly progressing field of nano- and micromechanical oscillators, Jaspen and
co-workers have recently demonstrated the laser cooling of the vibrational motion of
a nanomechanical oscillator to its quantum ground state [22]. These successful ex-
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perimental results heralds a new era in investigating the quantum behaviour of nano-
and micromechanical systems.
The advancements in techniques for ground state cooling of mechanical resonators
has not only favoured the quantum state preparation of nano- and micromechan-
ical systems, but has also fuelled a surge of interest in physically coupling nano-
and micromechanical systems to other quantum optical systems with better quantum
control. The list include trapped ions in a nano-trap [23], atomic Bose-Einstein con-
densates [24], Cooper pair boxes (CPB) [25] and electronic spin degrees of freedom
[26]. A strong motivation to fabricate hybrid quantum systems is to realise the idea
of constructing quantum interfaces and quantum memories for quantum information
processing [27, 28] and quantum limited displacement measurements [29]. From a fun-
damental point of view, testing EPR type [30] non-local correlations in mesoscopic
mechanical systems is of great interest too.
Entanglement is one of the characteristic traits of quantum mechanics. An entangled
state of a composite quantum system possesses so strong correlations that cannot be
explained by a classical theory. Entanglement is a weird concept where two particles
remain intimately connected, even when separated over vast distances. To ensure
the existence of quantum mechanical correlations and distinguish them from classical
correlations the entangled pair must be measured in different bases. In response to
Einstein, Podolsky and Rosen (EPR) argument that quantum mechanics was incom-
plete [30], in a groundbreaking work, John S. Bell came up with a restriction which
all classically correlated states must satisfy [31]. After providing a mathematical
formulation of locality and realism, Bell showed specific cases where the main idea
propounded in [30] would be inconsistent with the predictions of quantum mechanics.
According to the Copenhagen interpretation of quantum mechanics, the entangled
state is indefinite until measured. Quantum entanglement is a form of quantum su-
perposition. When a measurement is made and it causes one member of an entangled
pair to take on a definite value (e.g., right circular polarization), the other member
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of this entangled pair will at any subsequent time be found to have taken the appro-
priately correlated value (e.g., left circular polarization). Thus, there is a correlation
between the results of measurements performed on entangled pairs, and this correla-
tion is observed even though the entangled pair may have been separated by arbitrarily
large distances. Entangled states of composite quantum systems play a crucial role in
quantum communication [32], quantum cryptography [33] and quantum computing
[34].
So far, entanglement and quantum superpositions with mesoscopic systems have been
experimentally demonstrated such as the interference of molecules [4, 35] and entan-
gling of atomic ensembles [36]. The study of entanglement of macroscopic objects is
of prime interest. For instance, Treutlein and coauthors [24] have presented a scheme
to couple the vibrational mode of a nanocantilever with the collective spin degrees
of freedom of an ultra-cold Bose Einstein condensate (BEC) while Bose and Agarwal
have proposed a scheme to entangle the vibrational modes of two nanocantilevers
through a Cooper pair box (CPB) [25]. The scheme presented in [25] prepares two
nano-mechanical oscillators in a non-Gaussian entangled state through a CPB; in ad-
dition they were also able to show that a similar principle can be used to entangle two
CPBs and have proposed a teleportation experiment to read-out the entanglement
present between the two cantilevers. The proposal discussed in [25] thus leads to an
interesting scheme that can entangle two continuous variable systems (two nanome-
chanical oscillators) and as well as two discrete variable systems (two CPBs). Singh
and coauthors have proposed a scheme to couple a nanomechanical oscillator to a
dipolar crystal [37]. In their scheme a nanomechanical oscillator is fabricated with a
ferroelectric tip and it interacts with the array of ultra-cold dipolar molecules via the
dipole-dipole interactions [37]. This interaction is predicted to produce single-mode
squeezing of the center of mass motion of an isolated trapped molecule and two-mode
squeezing of the phonons of an array of molecules.
Apart from the above-mentioned schemes, recently there has been a huge interest
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in studying the quantum features of optomechanical systems. Radiation pressure
induced strong coupling between an optical cavity mode and the vibrational mode of
a nanomechanical system has already been experimentally achieved [38]. In most of
the optomechanical schemes that exploit the coupling between the vibrational motion
of a nanocantilever with the optical cavity mode, the cantilever forms a part of the
cavity. This can be realised by constructing a Fabry-Pe´rot cavity with one fixed
mirror and one movable mirror. The movable mirror, under the action of radiation
pressure coupling and thermal fluctuations, executes small displacement around its
equilibrium value. As a result of the small displacement of the movable mirror, the
length of the cavity becomes a function of the position of the movable mirror. The
resonance frequency of the cavity thus becomes a function of the position of the
vibrating mirror and hence coupling is achieved between the two modes. Along the
same lines a strong dispersive coupling of a cavity mode with a micromechanical
membrane has been reported in [39].
In most of the suggested optomechanical schemes that exploit the interaction between
the optical and the mechanical modes, the main ingredient is the cavity-enhanced ra-
diation pressure coupling between the optical and mechanical degrees of freedom. This
in turn allows quantum-limited position measurements and gives rise to dynamical
back-action, enabling amplification and even cooling of the state of the mechanical
oscillator.
Among all the proposals to study the quantum properties of nanomechanical systems
the scheme suggested in [24] is particularly interesting. In [24], a proposal is laid
out to couple the vibrational mode of a nanocantilever to the collective spin of an
ultra-cold BEC. This scheme allows one to couple two nanocantilevers independently
to a common cloud of ultra-cold BEC, through which both of the nanocantilevers can
interact with each other. This interesting coupling mechanism allows one to entangle
the vibrational mode of two spatially separated mesoscopic mechanical systems [40].
Apart from mediating interactions between the oscillators, the ultra-cold BEC can
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be used as an indirect probe to infer the state of the two nanocantilevers. The two
nanocantilevers can also be directly coupled to one another. However, achieving
indirect coupling between the two nanocantilevers has its own advantage. An indirect
coupling between the two nanocantilevers, mediated via the collective excitations of
the ultra-cold BEC, can be engineered to generate entangled ‘dark states’ of the two
mechanical systems. The details of this scheme is presented in chapter 3.
It will be shown later in chapter 3 that if the total number of excitations in the ultra-
cold BEC is much smaller than the total number of atoms N in the BEC, then the
interaction mechanism between two indirectly coupled nanocantilevers can be mapped
onto a much simpler physical problem of an open chain of three coupled harmonic
oscillators. This new physical scenario, where the indirect interaction between the
oscillators is mediated via another oscillator, can shed important light on the gener-
ation of quantum correlations in coupled harmonic oscillators. A lot is known in the
literature about the quantum features of two directly coupled harmonic oscillators
or even about many coupled harmonic oscillators in the thermodynamical limit [41].
But a detailed investigation exploiting quantum features of two indirectly coupled
harmonic oscillators is lacking. In the present thesis we cater our attention to this
interesting yet unexplored regime of two indirectly coupled harmonic oscillators when
the interaction is mediated via another oscillator. This forms the motivation for later
sections of chapter 3 and chapter 6.
There also exists a proposal to use an array of mechanical resonators to enhance the
spin-spin interaction [42] and thereby utilising this hybrid architecture for quantum
computing. The chief principle in this proposed scheme is to magnetically couple the
vibrational motion of a resonator to the magnetic moment of a spin qubit. Due to
their weak coupling to the environment, spin systems are ideal for realising the idea of
quantum computing. But, for the same reason spin-spin interaction is also very weak
to achieve entanglement over long distances. In [42], Rabl and coauthors propose to
overcome this difficulty by coupling the spin qubits to array of resonators, which in
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turn are coupled electrically. Thus effectively a long range spin-spin interaction is built
which can potentially be used for realising the various ideas of quantum computing
and other quantum architectures.
Efficient interaction between a nanomechanical oscillator and other quantum optical
system requires avoiding losses while maintaining large coupling between the two and
also mitigating thermal effects. This is one of the prerequisites for most of the existing
schemes that can possibly couple such diverse systems. This strong coupling regime
can be obtained if the nanomechanical system can be coupled to other quantum optical
system within a coupling time much shorter than the decoherence time scale. In [24]
this regime can be obtained by using a strong magnetic field gradient to strongly
couple the atomic spin with the vibrational motion of the cantilever, whereas in
[38, 39] the strong coupling regime requires an ultra high-finesse optical cavity along
with nano-oscillators with exceedingly large Q factors.
In most of the schemes proposed for physically coupling a mechanical systems to other
quantum optical systems [24, 26], the Hamiltonian governing the dynamics is reminis-
cent of the Jaynes Cummings Hamiltonian [43]. The Jaynes Cummings model is one
of those few models in quantum optics which can be exactly solved under certain con-
ditions. In its original form the Jaynes Cummings model was proposed to describe the
dynamics of a single two-level system interacting with a single quantised electromag-
netic field. There also exists generalisations of the Jaynes Cummings model such as
the Tavis Cummings Hamiltonian which describe the interaction between a collection
of two-level atoms and a single quantised field [44]. In many of the existing schemes
which deals with studying the quantum properties of nanomechanical systems, the
nano resonator is modelled as a quantum harmonic oscillator which has been cooled
near to its ground state and thus occupying the low lying excited states in its vi-
brational spectrum. The nanomechanical system, modelled as a quantum harmonic
oscillator, then gets coupled via electromagnetic interaction to other quantum optical
systems.
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In many of the existing schemes that explore the quantum dynamics of nanomechani-
cal systems, the mechanical systems are treated as harmonic oscillators. Interestingly,
there are also proposals to model a nanomechanical system as an anharmonic oscilla-
tor [45]. The prime motivation of studying nonlinearities in nanomechanical systems
is the fact that quantum dynamics of passively coupled mechanical oscillators ini-
tially prepared in coherent (classical) states and evolving under a time-independent
harmonic potential always remains classical [46]. Therefore an external nonlinear-
ity is essential to see interesting quantum features in passively coupled mechanical
oscillators which are initially prepared in coherent (classical) states.
The physics of anharmonic oscillators has been studied in great detail by several au-
thors both in the classical and quantum domain [47, 48, 49, 50]. In particular, Milburn
has investigated the quantum and classical dynamics of an anharmonic oscillator in
phase space [48] and has shown that decoherence induced state reduction results in
quantum to classical crossover in a nonlinear oscillator. In [49], a quantum master
equation is derived for a doubly clamped driven nonlinear beam.
Another recent interest in studying the nonlinear properties of mechanical oscillators
is to do with the fact that under certain conditions, an external nonlinearity can lead
to stronger entanglement between two quantum mechanical systems as compared to
their linear counterparts [51]. It is shown in [51] that two qubits interacting via a
nonlinear resonator may lead to maximally entangled state of the two qubits. In this
way, a nanomechanical oscillator can act as a quantum bus to enhance the interac-
tions between the two qubits. There has also been continued interest in studying
the squeezing properties of nonlinear mechanical oscillators. For instance, in [12] a
possibility of squeezing the in-phase quadrature of a nanomechanical system has been
presented. They have shown that it is possible to squeeze the in-phase quadrature of
a nano-oscillator prepared in its ground state or a coherent state.
An anharmonic (nonlinear) oscillator in the quantum regime offers a number of in-
triguing new possibilities for quantum state preparation and manipulation. One of
10
CHAPTER 1. QUANTUM-CLASSICAL BORDER ?
the many motivations for studying nonlinear oscillators is that by active cooling tech-
niques, such as laser cooling, the thermal fluctuations of a nanomechanical system
can only be reduced to the standard quantum limit. If a reduction in noise is sought
beyond this limit, then squeezing one of the quadratures of a mechanical oscillator is
required and for this one typically relies on nonlinearities. There already exists many
feasible schemes that explore the possibility of squeezing the state of a mechanical
oscillator [12, 13, 52]. Moreover, coherent nonlinear effects are of great interest as they
turn out to be important resources for processing universal quantum information with
continuous variables [53]. In this direction a theoretical investigation probing salient
quantum features in coupled nonlinear oscillators has been carried out in [54]
With the recent emergence of the novel field of optomechanics, probing quantum cor-
relations in mesoscopic systems has taken a new turn. Optomechanics is a promising
research avenue that combines the interaction between optics and mechanics [55].
In a simplest optomechanical setup exploiting optomechanical interaction, the main
component is a cavity with a movable mirror. Light in the cavity and the movable
mirror interact due to radiation pressure coupling. Under the action of radiation pres-
sure and thermal fluctuations, the movable mirror executes simple harmonic motion
around its equilibrium value, which in turn changes the cavity resonance frequency.
This eventually results in coupling between light and mechanics. A scheme exploiting
this radiation pressure coupling to generate optomechanical correlations between two
distant cavities is discussed in [56].
In spite of the various exciting theoretical and experimental advances in quantum
state preparation of nano- and micromechanical systems, the chief difficulty lies in
inferring the degree of entanglement present in such mesoscopic systems. Experimen-
tally estimating the degree of inseparability is difficult even for microscopic systems
and this difficulty becomes magnified for macroscopic systems. Another concern lies
in the fact that there is no universal test of entanglement which might hold for all
the states. Entanglement measures which disclose entanglement for a class of states
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but may fail to do so for other states. Most of the theoretical measures of entangle-
ment [57, 58] are not directly accessible in experiments but in recent experiments it
has become possible to observe a pure state entanglement measure [59]. The non-
local character present in the nanomechanical systems can be ascertained in principle
from experiments involving Bell’s inequality violations [60], but as pointed out in [25],
the difficulty in analysing the degree of entanglement in mechanical systems is the
fact that experiments involving Bell’s inequality violation requires measurements in
Schro¨dinger cat like basis, which is certainly not an easy task for mesoscopic me-
chanical systems. Moreover, there are classes of entangled mixed states which do not
necessarily violate Bell’s inequality.
Therefore, other novel techniques need to be developed for quantifying the entan-
glement present between the mechanical oscillators. A possible tool to measure the
quantum state of such mechanical systems is the full state quantum tomography [61]
but these techniques are experimentally very demanding. There is also a recent work
suggesting an experimentally friendly measure of quantum correlations between two
arbitrary qubit states [62]. In [62], a parameter has been defined in terms of which
quantum correlations can be experimentally quantified by measuring the expectation
value of a small set of observables without the need for a full quantum state tomog-
raphy. Also there has been a scheme proposed to measure the quantum state of a
nanomechanical oscillator cooled near to the vibrational ground state [63]. In [63],
the proposal is aimed at determining the Wigner function of a mechanical cantilever
cooled near its ground state and involves a detector atom coupled to the cantilever’s
vibrational mode and to a pair of optical fields, which induce a Raman transition
between the ground and excited states of the atom. It has been proposed that the
probability for the atom to be found in the excited state is a direct measure of the
Wigner characteristic function of the nanomechanical oscillator.
In the context of optomechanics there are other interesting schemes to detect the
non-classical states of a mechanical oscillator through indirect measurements [64, 65].
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The central idea behind these schemes is to transfer the mechanical state onto the
optical modes. By measuring the quantum correlations in the initially uncorrelated
optical modes, non-local correlations in the mechanical state of the oscillator can be
inferred [64, 65].
Given all the theoretical and experimental advances in this exciting research field
involving the study of nano- and micromechanical systems, the future prospects seems
very promising. All these stimulating theoretical and experimental studies heralds a
new era in investigating various quantum phenomena in mesoscopic systems and has
brought us closer than ever to test the foundations of quantum mechanics. With
recent experiments coming within just an order of magnitude away from the ability
to observe quantum zero-point motion, ideas about the quantum to classical transition
may soon become experimentally accessible, and then it shall be very interesting to
see the test of the famous Schro¨dinger’s cat paradox [14] on objects of macroscopic
scale.
Even though there has been impeccable success in exploring the quantum features
of mesoscopic mechanical systems, there is still a lot to be done to fully probe the
‘quantum in mechanics’ [9]. A strong impetus is needed from both theoretical and
experimental studies to fully understand the intriguing dynamics of mechanical oscil-
lators. The biggest challenge is a careful readout of the quantum state with a mini-
mum perturbation. Novel techniques and ideas needs to be brought in for inferring
entanglement and other non-classical correlations in mechanical systems. Methods
also needs to be developed for minimising the effects of decoherence in mesoscopic
mechanical systems, which might degrade their quantum properties.
The thesis thus consists of a detailed theoretical treatment of novel schemes to prepare
mesoscopic mechanical systems in non-classical states including entangled states. The
thesis is outlined as follows. In chapter 2 we provide a brief introduction to some of
the essential concepts that will be used throughout the thesis. In chapter 3, a physical
system of two nano-cantilevers coupled to a cloud of ultra-cold atoms is discussed.
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Chapter 4 discusses a possibility to induce a quartic nonlinearity to the motion of
a harmonic oscillator, which is further explored to generate non-classical states of
the mechanical oscillator. In chapter 5 a scheme to generate distant optomechanical
correlations is studied while in chapter 6 Markovian evolution of strongly coupled
bosonic modes is studied. We conclude the thesis with discussions and a future
outlook in chapter 7.
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CHAPTER 2
BASICS
2.1 Introduction
In this chapter we shall review some basic theoretical concepts that will be essential
in building the framework of the thesis. We shall briefly discuss some preliminary
topics including number states, coherent states, thermal states, quantum character-
istic functions, and various quasi-probability distributions including the P-function,
Wigner function and the Q-function. We shall also briefly dwell on the essentials of
Gaussian continuous variables (CV) states by describing the covariance matrix, which
is sufficient to fully characterise any Gaussian state.
2.1.1 Number states
Consider a bosonic mode described by a creation (aˆ†) and an annihilation (aˆ) oper-
ator respectively. Single-mode number states or Fock states are then defined as the
eigenstates of the number operator nˆ (aˆ†aˆ) so that
aˆ†aˆ|n〉 = n|n〉. (2.1)
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The number states form an orthonormal complete basis set such that 〈n|m〉 = δn,m
and can be seen as the energy eigenstates of the free field Hamiltonian Hfree ∼ aˆ†aˆ.
Similar to the case of a single-mode number state, one can also define a two-mode
number state which is the joint eigenstate of the respective number operators
aˆ†aˆ bˆ†bˆ|na, nb〉 = nanb|na, nb〉 = nanb|na〉|nb〉. (2.2)
By virtue of the definition of number states, the vacuum state is the zero energy
eigenstate of the number operator. The action of creation and annihilation operators
on any general number states is
aˆ†|n〉 = √n+ 1|n+ 1〉, (2.3)
aˆ|n〉 = √n|n− 1〉. (2.4)
Number states or Fock states are one of the most important non-classical states fea-
turing in quantum optics and forms the basis of non-Gaussian continuous variables
quantum computing. It is worthwhile to point out that among the class of number
states, vacuum state |0〉 is the only state with a Gaussian wave function and is thus
characterised by a positive Wigner function which is Gaussian in character.
2.1.2 Coherent states
Coherent states are the closest approximation to classical states and are one of the
most naturally occurring states in quantum optics. Coherent states, as described by
Zurek, are the ‘pointer’ (eigen) states of the environment. The inevitable coupling of a
quantum system to its environment results in a loss of quantum coherence. The details
will be provided later, but the main result is that an initial coherent state evolving
under a purely dissipative channel, remains a coherent state, but with an exponentially
decaying amplitude. In this sense, coherent states are called the ‘pointer’ (eigen) states
of the environment.
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Single-mode coherent states are generated by the action of the Glauber displacement
operator Dˆ(α)=eαaˆ
†−α∗aˆ on a vacuum state
|α〉 = Dˆ(α)|0〉 = eαaˆ†−α∗aˆ|0〉, (2.5)
where α is a complex number in general with magnitude |α|. The Glauber displace-
ment operator Dˆ(α) is unitary and to see this we shall first make use of the operator
ordering theorem
Theorem 1. For two operators Aˆ and Bˆ which commute with their commutator so
that [Aˆ, [Aˆ, Bˆ]]=[Bˆ, [Aˆ, Bˆ]]=0, then exp(θ(Aˆ+Bˆ)) = exp(θAˆ)exp(θBˆ)exp(−(θ2/2)[Aˆ, Bˆ])
Making use of the fact that [aˆ, aˆ†] = 1, the Glauber displacement operator can be
rewritten as Dˆ(α) = eαaˆ
†
e−α
∗aˆe−|α|
2/2 and from which it easily follows that Dˆ†(α)=e−αaˆ
†
eα
∗aˆe−|α|
2/2 = Dˆ(−α). Unitarity of the displacement operator is guaranteed by the
fact that for any operator oˆ, e oˆe−oˆ = 1. Coherent states have many interesting fea-
tures and some of them can be summarised here :
• A coherent state can be expanded in a number state basis as |α〉= e−|α|2/2∑∞n=0 αn√n! |n〉.
• A coherent state is the right eigenstate of the annihilation operator with eigen-
value α so that aˆ|α〉= α|α〉.
• A coherent state is the left eigenstate of the creation operator with eigenvalue
α∗ so that 〈α|aˆ†= α∗〈α|.
• A coherent state obeys the Poisson photon number probability distribution,
P(n)=|〈n|α〉|2=exp(−|α|2)|α|2n/n!. The mean and the variance of the photon
number probability distribution is given by 〈nˆ〉 = |α|2 and ∆n2 = 〈α|n2|α〉 −
(〈α|nˆ|α〉)2=|α|2 + |α|4 − |α|4=|α|2 respectively.
• A coherent state is a minimum uncertainty state. This follows by defining
the position and momentum quadrature operators as xˆ = (aˆ + aˆ†)/
√
2 and
pˆ = i(aˆ†− aˆ)/√2. For an initial coherent state, the variance in the position and
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momentum quadratures can then be computed as ∆x2 = 〈α|x2|α〉 − (〈α|xˆ|α〉)2
=1/2 and ∆p2 = 〈α|p2|α〉 − (〈α|pˆ|α〉)2=1/2. This confirms the bound set by
Heisenberg uncertainty relation ∆x2 ∆p2 ≥ 1/4.
• Coherent states are not mutually orthogonal and for two coherent states with
amplitude α and β, the overlap between them is given by 〈α|β〉=e−|α−β|2 .
• Coherent states form an over complete basis and the identity can be resolved in
terms of the coherent states (1/pi)
∫∞
−∞ d
2α|α〉〈α| = 1. This is a useful resolu-
tion of identity as it allows one to compute expectation value of any quantum
mechanical observable as
Tr(Aˆ)=
∑∞
m=0〈m|Aˆ|m〉=(1/pi)
∫∞
−∞ d
2α
∑∞
m=0〈α|m〉〈m|Aˆ|α〉=(1/pi)
∫∞
−∞ d
2α〈α|Aˆ|α〉.
2.1.3 Thermal states
The inevitable coupling of a system of interest to its environmental degrees of freedom
results in a class of states known as mixed states where a thermal state is a prime
example of it. We have minimal knowledge about such states and thus can no longer
assign a wave function to such states. Such states can only be described in terms of
a density matrix ρˆ. In thermal equilibrium, the state of a system with Hamiltonian
Hˆ is represented by a density matrix
ρ =
exp(−βHˆ)
Tr[exp(−βHˆ)] , (2.6)
where β = 1/kBT . A single mode bosonic field with frequency ω in thermal equilib-
rium at temperature T takes the form
ρ =
exp(−β~ωnˆ)
Tr[exp(−β~ωnˆ)] . (2.7)
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The above density matrix is diagonal in the number state basis and can be rewritten
as
ρ =
∞∑
n=0
exp(−β~ωn)
Tr[exp(−β~ωn)] |n〉〈n|. (2.8)
Defining the mean thermal occupancy as n¯ = 1/(exp(β~ω) − 1), the density matrix
representing a single mode thermal state can be written as
ρ =
∞∑
n=0
n¯n
(n¯+ 1)n+1
|n〉〈n|. (2.9)
2.1.4 Squeezed states
Squeezed states are a class of non-classical states arising mainly in non-linear processes
which includes parametric oscillation and four wave mixing. Squeezed states have an
important property that the variance of one of its quadrature , say xˆ, is less than the
value 1/2 associated with coherent or vacuum states. In order to obey the Heisenberg
uncertainty relation, the variance in the complementary quadrature exceeds the value
1/2. A single-mode squeezed state is described by the action of one-mode squeezing
operator |ζ〉 = exp(− ζ
2
aˆ†2 + ζ
∗
2
aˆ2) on a vacuum state
|ζ〉 = exp(−ζ
2
aˆ†2 +
ζ∗
2
aˆ2)|0〉, (2.10)
where ζ = rexp(iφ) is the complex squeezing parameter. As required, the squeezing
operator S(ζ) is unitary and under the action of above squeezing transformation the
single mode annihilation and creation operators transforms as
Sˆ(ζ)aˆSˆ†(ζ) = aˆcoshr + aˆ†exp(iφ)sinhr; (2.11)
Sˆ(ζ)aˆ†Sˆ†(ζ) = aˆ†coshr + aˆexp(−iφ)sinhr. (2.12)
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Figure 2.1: (a) Variance in the xˆλ (red, dotted) and the xˆλ+pi/2 (blue, thick solid)
quadratures as a function of the squeezing parameter r for (a) λ = 1, φ = pi, and
(b) λ = 0, φ = pi/6. The product of the variance of the quadratures is also shown
(black, thin solid).
Defining the quadrature operators xˆλ and xˆλ+pi/2 as
xˆλ = (1/
√
2)(aˆexp(−iλ) + aˆ†exp(iλ)) (2.13)
xˆλ+pi/2 = (1/
√
2)(aˆexp(−i(λ+ pi/2)) + aˆ†exp(i(λ+ pi/2))), (2.14)
the product of the variance in the quadratures comes out as
∆x2λ∆x
2
λ+pi/2 =
1
4
(sin4(λ−φ/2)+cos4(λ−φ/2)+2 sin2(λ−φ/2)cos2(λ−φ/2)cosh 4r).
(2.15)
As shown in Fig. 2.1(a) and Fig. 2.1(b), the variance in one of the quadratures of a
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squeezed state may drop below the limit set by the coherent and vacuum states, but
only at the expense of increased fluctuations in the other quadrature. As required, the
Heisenberg uncertainty relation is still obeyed by squeezed states. Similar to the case
of single-mode squeezed states, a two-mode squeezed state is defined by the action of
the following squeezing operator on a two-mode vacuum state
|ζAB〉 = exp(−ζaˆ†bˆ† + ζ∗bˆaˆ)|0〉A|0〉B. (2.16)
As expected, the two-mode squeezing operator is also unitary and an important ob-
servation is that the two-mode squeezed state |ζAB〉 is inseparable in terms of the
individual single mode states. This leads to inter-mode correlations and the state
|ζAB〉 is thus referred to as an entangled state.
2.1.5 Schro¨dinger, Heisenberg and interaction pictures
For a closed quantum system, the complete information can be obtained by solving
the Schro¨dinger equation. For a system prepared in a pure state |Ψ〉, the unitary
evolution is governed by the Schro¨dinger equation
i~
d|Ψˆ(t)〉
dt
= Hˆsys|Ψˆ(t)〉, (2.17)
where Hˆsys is the system Hamiltonian. For a mixed state described by the density
matrix ρ, the time evolution is given by
dρ
dt
= − i
~
[Hˆ, ρ]. (2.18)
The solution of the Schro¨dinger equation is |Ψ(t)〉 = Uˆ(t)|Ψ(0)〉, where Uˆ(t) is a
unitary operator also satisfying the Schro¨dinger equation. In the Schro¨dinger repre-
sentation, the state evolves as a function of time and the operators remain stationary
in time.
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An equivalent way of describing the dynamics is to work in the Heisenberg picture.
In the Heisenberg picture the state remains stationary in time |Ψ(t)〉 = |Ψ(0)〉, while
the operator follows the time-dependent equation of motion
dAˆ(t)
dt
=
i
~
[Hˆ, Aˆ(t)] +
∂
∂t
Aˆ(t). (2.19)
For an operator with no explicit time-dependence, the time evolved operators can
be expressed as Aˆ(t) = Uˆ(t)AˆUˆ †(t). The expectation value of any quantum me-
chanical operator is same in both the representations 〈Aˆ〉 = 〈ψ(t)|Aˆ(0)|ψ(t)〉 =
〈ψ(0)|Aˆ(t)|ψ(0)〉.
Sometimes it is better to move to an interaction picture which is somewhat interme-
diary between the Schro¨dinger and the Heisenberg representations. In the interaction
picture, dynamics associated with the free evolution part of the Hamiltonian is usually
contained with the operators while the evolution due to the interaction part of the
Hamiltonian is contained with in the state. This interaction picture is termed as the
Schro¨dinger interaction picture. On the other hand, if the state carries the dynamical
evolution due to the free evolution of the Hamiltonian and the operators carry the
time evolution associated with the coupling, the interaction picture is termed as the
Heisenberg interaction picture.
The transformation to the Schro¨dinger interaction picture can be achieved by a unitary
transformation such that |ψI〉 = Uˆ |ψ〉. In this interaction picture, |ψI〉 satisfies the
following Schro¨dinger equation
i~
∂
∂t
|ψI〉 = HˆI |ψI〉, (2.20)
where HˆI is the interaction picture Hamiltonian given by
HˆI = i~ ˙ˆUUˆ † + UˆHˆUˆ †. (2.21)
We can make use of an example to further clarify the transformation of a Hamiltonian
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to its corresponding interaction picture. Consider two coupled bosonic modes labelled
a and b, with corresponding resonance frequencies ωa and ωb respectively. The two
modes are assumed to be coupled through a beam-splitter interaction with interaction
strength κ and coupled as Hint = ~κ(aˆ†bˆ+ bˆ†aˆ). Thus the closed system dynamics of
the two coupled modes is governed by the Hamiltonian
H = ~ωaaˆ†aˆ+ ~ωbbˆ†bˆ+ ~κ(aˆ†bˆ+ bˆ†aˆ), (2.22)
H = H0 +Hint,
where H0/~ = ωaaˆ†aˆ + ωbbˆ†bˆ describes the free evolution of the two coupled bosonic
modes. Now making use of (2.21) where Uˆ = eiH0t/~ we get
HˆI = i~ ˙ˆUUˆ † + UˆHˆUˆ † (2.23)
HˆI = −H0 +H0 + ~κ(aˆ†bˆei(ωa−ωb)t + bˆ†aˆe−i(ωa−ωb)t) (2.24)
HˆI = ~κ(aˆ†bˆei(ωa−ωb)t + bˆ†aˆe−i(ωa−ωb)t), (2.25)
which is the corresponding form of the Hamiltonian (2.22) in the interaction picture
of the free evolution Hamiltonian H0.
2.1.6 Quantum characteristic function
Although the complete information about a quantum system can be obtained either
in terms of the wave function or the density matrix, an equivalent description exists
in terms of the quantum characteristic function. Specifying the quantum character-
istic function gives us complete statistical information about the state. A p-ordered
quantum characteristic function is defined as
χ(, p) = Tr[ρˆ exp(aˆ† − ∗aˆ)]exp(p||2/2), (2.26)
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where p = 1, 0, and -1 correspond to normal, symmetric and antinormal ordered
characteristic functions. The quantum characteristic function χ(, p) is a complex
valued function in general and it achieves its maximum value of 1 at the origin (=0).
From the quantum characteristic function it is easy to find the p-ordered product
of annihilation and creation operators. From the characteristic function one can
obtain the expectation values of quantum mechanical observables, e.g. 〈aˆ†m aˆn〉p =
( ∂
∂
)m(− ∂
∂∗ )
nχ(, p)|=0. Normal-ordered characteristic function shall be used often
in many parts of the thesis and thus we summarise the results for the normal-ordered
characteristic function for some of the important classes of states :
• Normal-ordered characteristic function for a number state is χ(, 1) = 〈n|exp(aˆ†)
exp(−∗aˆ)|n〉 = Ln(||2), where Ln is the Laguerre polynomial of order n.
• Normal-ordered characteristic function for a coherent state is χ(, 1) = 〈α|exp(aˆ†)
exp(−∗aˆ)|α〉 = exp(α∗ − ∗α).
• Normal-ordered characteristic function for a thermal state with average thermal
occupancy n¯ is χ(, 1) = Tr[
∑∞
n=0
n¯n
(n¯+1)n+1
exp(aˆ†)exp(−∗aˆ)|n〉〈n|] = exp(−n¯||2).
2.1.7 Quasi-probability distributions
Other than using the quantum characteristic function to get the full statistical de-
scription of a quantum system, an equivalent description can be obtained in terms
of a quasi-probability distribution. A quasi-probability distribution can be defined
by taking the Fourier transform of a quantum characteristic function. In conformity
with a true probability distribution, the quasi-probability distribution so obtained is
a real valued function. However, the positivity of the quasi-probability distribution
is not always guaranteed and thus it is not always possible to interpret it as a true
probability distribution function. For a p-ordered quantum characteristic function the
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corresponding quasi-probability distribution takes the form
Wβ(p) =
1
pi2
∫ −∞
∞
d2χ(, p)exp(β∗ − β∗). (2.27)
Some of the important properties of a quasi-probability distribution function can be
summarised here :
• The Fourier transform of a normal ordered characteristic function is termed as
the Glauber-Sudarshan P- function. In general P-function can be highly singular
and the positivity of the P-function guarantees the classical nature of any state.
• The corresponding quasi-probability distribution function for the symmetric or-
dered characteristic function is termed as the Wigner function. Wigner function
is always well behaved but can also attain negative values, which is widely con-
sidered as a signature of the non-classical character of the corresponding state.
• Q-function is the quasi-probability distribution function associated with the
antinormal ordered characteristic function. Q-function is always positive semi-
definite and unlike the P-function and the Wigner function, Q-function can be
regarded as representing a true probability distribution function.
• For instance, for a photon number state |n〉, the quasiprobability distribution
corresponding to the p-ordered characteristic function ( for p < 1 and p 6= −1)
turns out to be Wβ(p) =
2
pi(1−p)(−1)n(1+p1−p)nexp(−2 |β|
2
1−p)Ln(
4|β|2
1−p2 ), where Ln is
the Laguerre polynomial of order n. For p=-1, the Q-function corresponding to
the number state |n〉 takes the form Qβ = |β|2nn!pi exp(−|β|2). For a number state
other than the vacuum state, the P-function can only be expressed in terms of
delta functions and its derivatives. A plot of the Wigner function and the Q
function for a number state is shown in Fig. 2.2(a) and Fig. 2.2(b) respectively.
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(a)
(b)
Figure 2.2: Phase space distribution of (a) the Wigner function Wβ and (b) the Q-
function Qβ for a number state |n〉, with n=1. The negativity of the Wigner function
is a characteristic of the non-classical nature of the number state while the Q-function
always maintains its positive character.
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2.1.8 Identities
Other useful identities that will be of relevance throughout the thesis:
• [aˆ,hˆ]= ∂
∂a† hˆ, where hˆ is a differentiable function of the creation operator aˆ
†.
• [aˆ†,fˆ ]=- ∂
∂a
fˆ , where fˆ is a differentiable function of the destruction operator aˆ.
• Baker-Campbell-Hausdorff expansion is another useful expansion which will be
used in various sections of the thesis. For two arbitrary operators Aˆ and Bˆ, the
Baker-Campbell-Hausdorff expansion is eAˆBˆe−Aˆ = Bˆ + [Aˆ, Bˆ] + [Aˆ,[Aˆ,Bˆ]]
2!
+ ...
2.1.9 Covariance matrix
Gaussian states including vacuum, coherent, squeezed and thermal states are one
of the most commonly encountered states in physical systems. It is known that in
absence of photon counting non-Gaussian continuous variable states are required for
universal continuous variable (CV) quantum computing. Moreover Gaussian states
have positive Wigner functions, so sometimes they can be interpreted as classical. In
this respect, the study of non-Gaussian states becomes more important. In spite of
this shortcoming Gaussian states have an added advantage that they can be routinely
prepared in laboratories these days and can be fully specified in terms of their first and
second order moments. Studying quantum aspects of infinite dimensional systems is
hard in general, but with Gaussian states this difficulty can be overcome. Gaussian
states can be fully characterised in terms of their first and second order moments and
which can be arranged in the form of a symmetric and real covariance matrix.
For an initial two-mode Gaussian state, it is sufficient to fully characterise the quan-
tum correlations between the two coupled modes in terms of their Wigner covariance
matrix. In this case, the covariance matrix V is a 4 × 4 real symmetric matrix
Vi,j = (〈RiRj + RjRi〉)/2, where i, j{a, b} and RT = (qˆa, pˆa, qˆb, pˆb). Here qˆi and pˆi
are the position and momentum quadratures of the ith mode. From the expression of
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the normal ordered quantum characteristic function χ(x, y, t) = 〈exaˆ†e−x∗aˆeybˆ†e−y∗bˆ〉
it is straightforward to extract the Wigner covariance matrix. This can be seen by
noting, 〈aˆ†mbˆn〉 = ( ∂
∂x
)m(− ∂
∂y∗ )
nχ(x, y, t)|x=0,y=0.
For a two-mode Gaussian continuous variable system, the covariance matrix V can
be written as
V =
 A C
CT B
 , (2.28)
where T denotes a matrix transpose; and
A =
 〈(cˆ+ cˆ†)2〉/2 〈[cˆ+ cˆ†, i(cˆ† − cˆ)]+〉/2
〈[cˆ+ cˆ†, i(cˆ† − cˆ)]+〉/2 〈(i(cˆ† − cˆ))2〉/2
,
B =
 〈(dˆ+ dˆ†)2〉/2 〈[dˆ+ dˆ†, i(dˆ† − dˆ)]+〉/2
〈[dˆ+ dˆ†, i(dˆ† − dˆ)]+〉/2 〈(i(dˆ† − dˆ))2〉/2
,
C =
 〈(cˆ+ cˆ†)(dˆ+ dˆ†)〉/2 〈i(cˆ+ cˆ†)(dˆ† − dˆ)〉/2
〈i(cˆ† − cˆ)(dˆ+ dˆ†)〉/2 〈−(cˆ† − cˆ)(dˆ† − dˆ)〉/2
,
and cˆ, dˆ are two arbitrary bosonic operators with 〈[rˆi, rˆj]+〉 = (〈rˆirˆj + rˆj rˆi)〉)/2. Once
we have the covariance matrix, all the quantum statistical properties of Gaussian
continuous variable states can be constructed. Also worth mentioning is the important
fact that a state evolving under a Hamiltonian which is quadratic in the position and
momentum coordinates maintains its Gaussian character.
A brief introduction provided in this chapter will be of much use in illustrating various
results presented in this thesis. In the chapters to follow we shall discuss in detail
novel schemes to prepare mesoscopic mechanical systems in non-classical states along
with providing the necessary theoretical background.
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NANOCANTILEVERS COUPLED TO ULTRA-COLD
ATOMS: A HYBRID-QUANTUM DEVICE
3.1 Introduction
The study of ultra-cold atoms has been a subject of intense theoretical and experimen-
tal interest for the past two decades. From the very first realisation of an ultra-cold
Bose-Einstein condensate (BEC) in the lab [66], the ultra-cold atoms community has
seen some pathbreaking discoveries including the Mott-superfluid phase transition in
ultra-cold atoms [67], simulation of a spin-chain in an optical lattice [68] and a recent
interesting possibility to use ultra-cold atoms as quantum simulators of intractable
and open problems in physics [69]. If realised, such a quantum simulator has the po-
tential to explore various unsolved problems in many-body physics including quantum
magnetism and high temperature superconductivity.
Ultra-cold atoms in the Bose-Einstein condensed phase provides us with a rare ex-
ample where quantum coherence can be observed on a mesoscopic scale. Recent
theoretical and experimental advances have confirmed the quantum nature of ultra-
cold atoms. Using ultra-cold atoms as a toolbox, it may now become possible to test
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the limits of the quantum theory. On the other hand, nano- and micromechanical
systems are typical condensed matter systems, long considered as lying deep in the
classical realms. However, if cooled near to their ground states, such mechanical sys-
tems exhibit quantum mechanical motion to a very good approximation. A novel
possibility is to explore the interesting physics that might emerge by coupling a quan-
tum optical system to a mechanical system both of which are endowed with vastly
different attributes.
One out of many motivations behind engineering a hybrid-quantum device is to ex-
plore the possibility of constructing a device which is mesoscopic but yet has quan-
tum attributes. Such hybrid-quantum devices may help us in improving our under-
standing about various questions of decoherence, understanding the quantum-classical
crossover, and may have potential applications in precision measurement and quantum
information technology.
A possibility of constructing such a hybrid-quantum device is discussed in [24], where
a proposal is laid out to couple the fundamental vibrational mode of a cantilever to the
collective spin degrees of freedom of an ultra-cold BEC. In [40], we have extended the
idea presented in [24] to couple the vibrational modes of two nanocantilevers to the
collective spin degrees of freedom of a cloud of ultra-cold BEC. The scheme presented
in [40] forms the basis of this chapter. In the present chapter, starting from building
the necessary theoretical background we illustrate in detail the basis of the scheme
presented in [40] and shall conclude the chapter with a brief discussion 1.
1The scheme presented in this chapter to entangle the vibrational modes of two distant nanocan-
tilevers will work identically the same if the BEC is replaced with an ensemble of ultra-cold atoms
to mediate indirect interaction between the two nanocantilevers. Therefore throughout this thesis
the words ‘BEC’ and ‘ultra-cold atoms’ will be used quite interchangeably. However the added ad-
vantage of using a BEC over an ensemble of cold atoms in establishing indirect coupling between
two nanocantilevers lies in the fact that all the atoms in the BEC are in the same quantum state
and the BEC atomic cloud has a small spatial extent and thus has a very large atomic density. This
small spatial confinement of the atoms in the BEC results in identical coupling strength between all
the atoms in the BEC and the vibrational modes of distant nanocantilevers.
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3.2 Theoretical model
Recently there has been a surge of interest in exploring the quantum regime of meso-
scopic mechanical oscillators by coupling them to vastly different physical systems.
These include nanomechanical systems coupled to electrical circuits (NEMS) [42], mi-
crowave resonators coupled to superconducting qubits [70], or in the setting of an
optomechanical cavity with an optical mode coupled to a movable mirror [16].
After many years of sheer hard work it has now become possible to cool a nanomechan-
ical resonator using quantum techniques [71]. It has also recently become possible to
realise the ground state of a nano- or micromechanical system either by cryogenically
cooling an ultra-high frequency mechanical oscillator [21] or by employing laser cool-
ing to cool an optomechanical device [22, 72]. Such promising experimental advances
have opened a new era in which genuine quantum effects in mesoscopic mechanical
systems can be seen. A natural next step is to explore further the quantum behaviour
of mechanical systems with the ultimate goal to realise their potential applications
in quantum information technologies, tests of the quantum theory and ultra-precise
sensing technology.
Inspired by recent theoretical and experimental advances in the quantum state prepa-
ration of nano- and micromechanical systems, in [40] we theoretically investigated a
novel possibility of entangling the vibrational modes of two nanocantilevers which are
indirectly coupled via an ensemble of ultra-cold atoms. In the present chapter we
shall discuss in detail the scheme presented in [40] to entangle the vibrational modes
of two spatially separated mechanical oscillators.
We consider a physical system comprising of two nanocantilevers, modelled as har-
monic oscillators with fundamental flexural modes labelled a and b. The two nanocan-
tilevers are assumed to be coupled to a cloud of ultra-cold atoms, modelled as a col-
lection of N two-level atoms. We shall neglect any direct interaction between the
nanomechanical systems but allow them to interact via the ultra-cold atoms only. We
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shall explain below, that for the particular physical geometry we have in mind, the
direct interaction between the nanocantilevers can be neglected without qualitatively
changing the main findings of the present chapter.
With the advancement in fabrication techniques of nano- and micromechanical sys-
tems, they can now be fabricated with exceedingly large oscillation frequencies and
very large quality factors [73]. When pre-cooled near to their quantum ground states,
their mechanical motion appears quantised. We shall assume that the two nanocan-
tilevers have been cooled to their near ground states so that the average thermal
occupancy of each cantilever is close to zero i.e. 〈nthermal〉  1. We also assume that
both cantilevers are vibrating in their fundamental mechanical modes which can be
well separated from other vibrational modes [74]. The quantum nanocantilevers have
their discrete eigenenergy spectrum well described by the Fock states (|0〉, |1〉, ...|n〉),
and quantised energy spacings denoted by ~ωa, ~ωb, where ωa and ωb are the resonant
frequencies of the two nanocantilevers. In the discussion to follow we shall assume
that both the nanocantilevers are vibrating with an identical fundamental resonance
frequency ω0.
In the scheme to follow we shall propose to couple different spin levels of the ultra-cold
atoms to the vibrational modes of two identical nanocantilevers. The atomic ensemle
is described as a collection of N two-level atoms and can be well approximated by the
Dicke model [75, 76]. The justification behind this approximation will soon become
clear. At low enough temperature and due to the cooperative effect of the two-level
atoms, individual excitations of the two-level atoms becomes the collective excitations
in the ultra-cold atoms. Dicke states are defined as the simultaneous eigenstates of
the Hermitian operators Jˆz and Jˆ2 such that
Jˆz|M,J〉 = M |M,J〉,
Jˆ2|M,J〉 = J(J + 1)|M,J〉. (3.1)
The Dicke states can be mathematically constructed by operating Jˆ+ on the state
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|−J, J〉, (M +J) times. In the above notation, |M,J〉 represents an atomic ensemble
where out of 2J atoms, J + M atoms are in the excited state and J −M atoms are
in the collective ground state. The set of Dicke states |M,J〉 span the space of the
angular momentum quantum number J . In this representation, | − J, J〉 refers to
the ground state and |J, J〉 the highest possible excited state. The action of atomic
raising and lowering operators on a general state is,
Jˆ+|M,J〉 =
√
J(J + 1)−M(M + 1)|M + 1, J〉,
Jˆ−|M,J〉 =
√
J(J + 1)−M(M − 1)|M − 1, J〉. (3.2)
In terms of individual atomic ground (↓) and excited (↑) states, the collective ground
state and the first excited state of all the atoms in the atomic ensemble can be denoted
as
| − J, J〉 = | ↓, ↓, ... ↓〉, (3.3)
| − J + 1, J〉 = 1√
N
(| ↑, ↓, ... ↓〉+ | ↓, ↑, ... ↓〉+ ...+ | ↓, ↓, ... ↑〉). (3.4)
To begin with, we shall restrict the maximum number of excitations in the ensemble
of ultra-cold atoms to one and thus will only consider two global states of the atomic
ensemble | − J, J〉 and | − J + 1, J〉 respectively. Here | − J, J〉 denotes the collective
ground state of the ultra-cold atoms and | − J + 1, J〉 denotes a global state with
exactly one excitation equally shared between any one of the N two-level atoms. The
action of collective atomic raising and lowering operators on these two global states
is
Jˆ+| − J, J〉 =
√
N | − J + 1, J〉,
Jˆ−| − J + 1, J〉 =
√
N | − J, J〉,
Jˆ−| − J, J〉 = 0,
Jˆ+| − J + 1, J〉 = 0,
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Figure 3.1: Physical setup for our proposed scheme for entangling two nanocan-
tilevers. Two identical nanocantilevers, integrated with an atom chip, have strong
ferromagnets attached to their tips. The cantilevers are placed equidistant from an
ultra-cold gas of atoms, which is confined to a microtrap. Each nanomagnet couples
the vibrational motion of a nanocantilever to the collective spin of the ultra-cold gas.
where J = N
2
.
In the discussion to follow we shall denote the collective ground state of the ultra-cold
atoms as |g〉 and the next excited state as |e〉. To model the interaction between
the two nanocantilevers and the ultra-cold atoms, we follow the scheme suggested
in [24] and subsequently extended in [40]. The physical setup is shown in Fig. 3.1.
The two identical nanocantilevers, separated by a distance 2d along the y-axis, are
assumed to be fabricated on an atom chip with strong ferromagnets attached to their
tips. Equidistant from the tips, at a distance d, an ensemble of ultra-cold atoms is
confined in a microtrap. The magnetic moment µ of each ferromagnet is pointing in
the x-direction. Under the dipole approximation, the x-component of the magnetic
field at the centre of the trap, produced by the ferromagnet on the tip of cantilever
a, is
Bx = − µ0µ
4piy3
= − µ0µ
4pi[d+ ya(t)]3
, (3.5)
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where µ0 is the vacuum permeability and ya(t) is the time dependent deflection of the
tip of nanocantilever a. For small displacements of the cantilever this expression can
be expanded to linear order in ya(t), so that
Bx = − µ0µ
4pid3
[
1− 3ya(t)
d
]
. (3.6)
Thus ya(t) transduces the vibrational motion of cantilever a to an oscillating magnetic
field given by
B = Gmya(t)xˆ (3.7)
at the location of the ultra-cold atoms, where Gm=3µµ0/4pid
4 is the magnitude of the
magnetic field gradient in the y-direction.
We now consider a transition between two trapped atomic states |0〉 ↔ |1〉. In a
magnetic trap, hyperfine states (|F,mF 〉) |0〉 ≡ |2, 1〉 and 1 ≡ |2, 2〉 can be used.
However, the different trap frequencies lead to entanglement between internal and
motional atomic degrees of freedom. For the simpler situation of an optical or elec-
trodynamic microtrap [77], identical trapping potentials for all hyperfine states is
provided. In such a trap, all atoms couple simultaneously to the resonator 2. To
mitigate collisional losses one can use F = 1, we choose |0〉 ≡ |1, 0〉 and |1〉 ≡ |1,−1〉.
The transition |0〉 ↔ |1〉 can be decoupled from other mF levels by making use of
the quadratic Zeeman effect or by using microwaves to induce mF -dependent energy
shifts [78].Transitions from |F = 1,m = 0〉 ≡ |0〉 to |F = 1,m = −1〉 ≡ |1〉 can, for
instance, be resonantly coupled to the quantised bending motion of the cantilever by
tuning the Larmor frequency. Thus our assumption of treating the atomic cloud as a
collection of N two-level atoms can be justified under the above conditions.
The cantilevers oscillates in the y direction while the magnetic dipole moment of each
magnet is pointing in the x direction. The magnets on the oscillating cantilevers
2A trap geometry similar to an Ioffe-Pritchard trap would also be possible, in which case the
ferromagnets would be aligned along the z-direction and B0 along the long trap axis in the x-
direction.
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creates an oscillating magnetic field B = Gmya(t)xˆ in the x direction. This field
interacts with the collective atomic spin ~J via the interaction Hamiltonian. Due to
the field the quantization axis of the atoms is along x direction. Coupling is thus
achieved between the fundamental bending mode of cantilever a and the collective
spin of the ultra-cold gas through the Zeeman interaction
−µatom ·B(t) = −µxatomGmya(t) = ~κa
1√
N
Jˆx(aˆ+ aˆ
†) = ~κa
1√
N
(Jˆ+ + Jˆ−)(aˆ+ aˆ†),
(3.8)
where µ xatom is the x component of the collective magnetic moment of the ultra-cold
gas and κa=µBGm
√
Na0/
√
8~ is the coupling constant for the collective atomic spin
coupled to a single vibrational mode of cantilever a. Here N is the number of ultra-
cold atoms and a0 =
√
~/2meffω0 is the amplitude of the zero-point fluctuations of
cantilever a, which has effective mass meff and angular oscillation frequency ω0. The
coupling between cantilever b and the ensemble of ultra-cold atoms is described by an
analogous term.
In the strong coupling regime between the collective spin of the atomic cloud and the
vibrational motion of two nanocantilevers, the system is analogous to a conventional
cavity-QED setup. For a nanocantilever with mass m ∼ 10−16 kg and resonance
frequency ω0/2pi ∼1 MHz, which is separated from an atomic cloud of N ∼ 100 atoms
by a distance of d ∼ 250 nm, the interaction produced by a small 3 disk-shaped magnet
containing Nmag ∼ 106 nickel atoms corresponds to a coupling constant κa ∼ 100 Hz.
In the particular geometry we envisage for physically entangling the two nanomechan-
ical oscillators, direct interaction between the magnetic dipoles on the two cantilever
tips can be neglected. To see this, one can compare the two interaction strengths,
one due to the direct interaction between the magnetic cantilever tips and the other
due to the interaction between either cantilever magnet and the collective spin of the
3If the finite size of the magnet is taken into account the coupling constant κ is reduced by a
factor ∼ 2. The strong coupling regime can still be achieved by increasing the number of atoms in
the trap centre.
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atomic cloud. The ratio between these interaction terms is
H Zeeman
H direct
≈ 4 d
√
N
a0Nmag
∼ 25 . (3.9)
However, even if this direct interaction is included, the qualitative behaviour of the
system does not change. We must stress, though, that as shown later in the chapter the
role of the atomic ensemble is essential for generating a time independent statistical
mixture of dark (entangled) states of the two nanocantilevers. In the absence of
an atomic cloud, a pair of nanocantilevers interacting directly via the dipole-dipole
interaction may well exhibit time-dependent entanglement. It would, however, be
difficult to use or capture these states because one would have to, for instance, be
able to control the direct interaction between the two cantilevers such that it could
be switched off at a chosen time when the entanglement between the two cantilevers
is maximal.
The collective magnetic dipole moment of the ultra-cold atoms experience the elec-
tromagnetic field generated by the quantised motion of the two nanocantilevers. If we
assume that the atomic cloud can be represented by a single quantised mode of fre-
quency ωa, which can be tuned to resonate with the identical fundamental oscillation
frequency ω0 of each nano-resonator, then the dynamics of the two nanocantilevers
interacting via the atomic cloud is well described by the Jaynes-Cummings Hamilto-
nian [43]. The Jaynes Cummings model, which has been well studied in the quantum
optics community, approximates the atom-light interaction by treating the atom as a
dipole placed in an external field. Although the Jaynes Cummings model is based on
a simple assumption of light matter interaction, it has proved to be quite successful
in studying phenomena like trapping of atoms (Lie et al.,1998), electro-magnetically
indued transparency and enhancement of refractive index (Scully et. al.,1997) etc. A
very useful feature of the Jaynes Cummings model is that it is symmetric with respect
to the interchange of atom and field quanta.
Under the dipole and the rotating wave approximations (RWA) [79], and taking
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κa=κb=κ, the Hamiltonian describing the coupled system of two nanocantilevers in-
teracting with a cloud of ultra-cold atoms takes the form
H
~
= ω0(Jˆz + aˆ
†aˆ+ bˆ†bˆ) + [κ
1√
N
(aˆ+ bˆ)Jˆ+ + h.c.] (3.10)
= H0 +HI ,
where H0 = ω0(Jˆz + aˆ
†aˆ + bˆ†bˆ) and HI = (κ/
√
N)(aˆ + bˆ)Jˆ+ + h.c. are the free and
the interaction parts of the Hamiltonian respectively, and Jz is the z component of
the collective angular momentum of the ultra-cold atoms. In the Dicke model, the
collective spin of the ultra-cold atoms is J = N/2, and the eigenstates denoted by
|J,mJ〉, with |mJ | ≤ J where N is the number of two-level atoms in the ultra-cold
atoms. After these initial considerations, we now proceed to study the unitary evolu-
tion of the coupled system of two nanocantilevers and ultra-cold atoms followed by an
investigation of the dissipative dynamics of the two indirectly coupled nanocantilevers.
3.3 Unitary evolution
We shall now consider the unitary evolution of a system of two nanocantilevers in-
teracting indirectly via an atomic cloud of N two-level atoms. As mentioned before,
we assume that the nanocantilevers have been cooled near to their quantum ground
states and thus only the lowest-energy vibrational states of the two oscillators are ap-
preciably populated. In the Schro¨dinger picture, we restrict the excitation subspace
of the two nanocantilevers to one, two and three quanta of vibrational excitations.
To a first approximation we neglect any dissipation channel in the system and only
study the unitary dynamics. We shall study the coherent dynamics of the system first
in the Schro¨dinger picture followed by an equivalent investigation in the Heisenberg
picture.
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3.3.1 Schro¨dinger picture
In the interaction picture a very general initial state representing the interaction
between two nanocantilevers and an atomic cloud in a one-excitation manifold takes
the form
|Ψ1(t)〉 = e−i
H0t
~ (Cg,0,1(t)|g, 0, 1〉+ Cg,1,0(t)|g, 1, 0〉+ Ce,0,0(t)|e, 0, 0〉), (3.11)
where |g, l,m〉 represents a state with all the atoms in their electronic ground state
(|e, l,m〉 represents a state with just one electronic excitation equally shared between
all the atoms), cantilever a with l excitations and cantilever b withm excitations. With
the ansatz (3.11), the Schro¨dinger equation reduces to the following set of coupled
differential equations
∂
∂t
C1(t) = βC1(t), (3.12)
where
β = −i

0 0 κ
0 0 κ
κ κ 0
 ; C1(t) =

Cg,1,0(t)
Cg,0,1(t)
Ce,0,0(t)
 .
The coupling matrix β has the eigenvalues λ0 = 0, λ±=±i
√
2κ, with the corresponding
normalised eigenvectors given by
|λ0〉 = 1√2

1
−1
0
 , |λ−〉 = 12

−1
−1
√
2
 , |λ+〉 = 12

1
1
√
2
 .
It can be readily seen that |λ0〉 is not affected by dissipation in the internal electronic
states of the atoms in the atomic cloud. Such a state is termed a dark state or trapped
state because the population of such a state doesn’t decay even in the presence of
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dissipation in ultra-cold gas .
Dark states have been extensively studied in the context of decoherence-free subspaces
(DFSs) [80] and there have been many proposals to prepare the qubits in these states
and hence protect them from decoherence [81]. If one could prepare the system of two
nanocantilevers and the atoms in a one-excitation manifold, then different eigenmodes
of the system are excited. The population in the states orthogonal to the dark state
undergo dissipation and ultimately relax into the ground state, while the population
of the dark state remains intact. If prepared in a dark state, the two nanocantilevers
remain uncoupled from the rest of the environment and keep exchanging excitation(s)
between them. If the two nanocantilevers couple to the ultra-cold atomic gas with
different coupling strengths κa, κb, then the dark state in a one-excitation manifold
takes the form
|λ0〉1 = κa√
(κ2a + κ
2
b)
|g, 0, 1〉 − κb√
(κ2a + κ
2
b)
|g, 1, 0〉, (3.13)
which is a maximally entangled state of two nanocantilevers for κa = κb. We will
further discuss the relevance of such dark states for our scheme in the next section,
where we will study the dissipative dynamics of the system. With a suitable initial
condition, one can very easily solve (3.11) to get the time evolved wave function
in a one-excitation manifold. Assuming Cg,1,0(0) = 1, the joint state of the two
nanocantilevers and the ultra-cold atoms evolves to
|Ψ1(t)〉 = 1
2

1 + cos(
√
2κt)
cos(
√
2κt)− 1
−i√2sin(√2κt)
 , (3.14)
with the corresponding probability distribution shown in Fig. [3.2]. The excitation
is reversibly transferred between the two nanocantilevers and the ultra-cold atomic
gas. We shall explicitly evaluate the entanglement between the two nanocantilevers
later, but it turns out that the reversible exchange of excitation(s) between the two
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Figure 3.2: Temporal evolution of the occupation probability for (a) the states |g, 1, 0〉
(red, dashed), |g, 0, 1〉 (blue, dotted) and |e, 0, 0〉 (black, solid) with the initial condi-
tion Cg,1,0(0) = 1, and (b) for the states |g, 1, 0〉 and |g, 0, 1〉 (red, dashed, identical)
and |e, 0, 0〉 (black, solid) with the initial condition Ce,0,0(0) = 1. In both cases time
is scaled in units of κ.
oscillators results in a time evolved state, which is inseparable in terms of individual
number states of the two oscillators and the ultra-cold atoms.
To study the dynamics of the coupled system of two nanocantilevers and an ensemble
of ultra-cold atoms in a subspace with more excitations, equation (3.11) can readily
be generalised. In the interaction picture, general state vectors for the system of two
indirectly coupled nanocantilevers in the two- and three-excitation manifolds take the
form
|Ψ2(t)〉 = e−i
H0t
~ (
2∑
j=0
Cg,j,2−j(t)|g, j, 2− j〉+
1∑
j=0
Ce,j,1−j(t)|e, j, 1− j〉),
|Ψ3(t)〉 = e−i
H0t
~ (
3∑
j=0
Cg,j,3−j(t)|g, j, 3− j〉+
2∑
j=0
Ce,j,2−j(t)|e, j, 2− j〉).
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Using the above ansatz, the Schro¨dinger equation reduces to following sets of coupled
differential equations
∂
∂t
C2(t) = −iA2C2(t); ∂
∂t
C3(t) = −iA3C3(t),
where the coupling matrices are of the form
A2 =

0 0 0 κ
√
2 0
0 0 0 κ κ
0 0 0 0 κ
√
2
κ
√
2 κ 0 0 0
0 κ κ
√
2 0 0

;
A3 =

0 0 0 0 κ
√
3 0 0
0 0 0 0 κ κ
√
2 0
0 0 0 0 0 κ
√
2 κ
0 0 0 0 0 0 κ
√
3
κ
√
3 κ 0 0 0 0 0
0 κ
√
2 κ
√
2 0 0 0 0
0 0 κ κ
√
3 0 0 0

.
Matrix A2 has following non-degenerate eigenspectrum λ0 = 0, λ1 = i
√
2κ, λ2 =
−i√2κ, λ3 = i
√
4κ, λ4 = −i
√
4κ; and the eigenvector corresponding to λ0 which is
the the dark state vector in a two-excitation manifold has the form
|X0〉2 =

1/2
−1/√2
1/2
0
0

≡

Cg,2,0(t)
Cg,1,1(t)
Cg,0,2(t)
Ce,1,0(t)
Ce,0,1(t)

, (3.15)
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while the matrix A3(t) has the following eigenvalues λ0 = 0, λ1 = i
√
2κ, λ2 = −i
√
2κ, λ3 =
i
√
4κ, λ4 = −i
√
4κ, λ5 = i
√
6κ, λ6 = −i
√
6κ; with the corresponding dark state vector
in a three-excitation manifold given by
|X0〉3 =

−1/2√2
√
3/2
√
2
−√3/2√2
1/2
√
2
0
0
0

≡

Cg,3,0(t)
Cg,2,1(t)
Cg,1,2(t)
Cg,0,3(t)
Ce,2,0(t)
Ce,1,1(t)
Ce,0,2(t)

. (3.16)
For the initial states Cg,2,0(0) ≡ Cg,3,0(0) = 1, the time evolved wave-function corre-
sponding to the subspaces with two and three excitations takes the form
|Ψ2(t)〉 = 1
2
√
2

(1 + cos(
√
4κt) + 2cos(
√
2κt))/
√
2
cos(
√
4κt)− 1
(1 + cos(
√
4κt)− 2cos(√2κt))/√2
−i√2sin(√2κt)− isin(√4κt)
i
√
2sin(
√
2κt)− isin(√4κt)

, (3.17)
|Ψ3(t)〉 = 1
8

1 + cos(
√
6κt) + 3cos(
√
4κt) + 3cos(
√
2κt)
−√3 +√3cos(√6κt) +√3cos(√4κt)−√3cos(√2κt)
√
3 +
√
3cos(
√
6κt)−√3cos(√4κt)−√3cos(√2κt)
−1 + cos(√6κt)− 3cos(√4κt) + 3cos(√2κt)
−i√2sin(√6κt)− i2√3sin(√4κt)− i√6sin(√2κt)
(−isin(√6κt) + i√3sin(√2κt))2
−i√2sin(√6κt) + i2√3sin(√4κt)− i√6sin(√2κt)

. (3.18)
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Figure 3.3: Temporal evolution of the occupation probability for (a) the states |g, 2, 0〉
(red, dashed), |g, 1, 1〉 (blue, dotted) and |g, 0, 2〉 (black, solid) and (b) the states
|e, 1, 0〉 (red, dashed) and |e, 0, 1〉 (black, solid), with the initial condition Cg,2,0(0) = 1.
Time is scaled in units of κ.
Time evolution of the system of two indirectly coupled nanocantilevers initially pre-
pared with two and three excitations quanta is shown in Figs. [3.3] and [3.4] respec-
tively, where occupation probabilities are plotted as a function of time for the different
basis states. A coherent coupling between the two nanocantilevers and the ultra-cold
gas results in a time varying exchange of excitations between the two nanocantilevers
via the ultra-cold atomic gas. The result is a time-varying entanglement between
states of each excitation manifold which shall be quantified now. It turns out that a
system of two nanocantilevers becomes more entangled in higher excitation subspaces.
The entanglement persist even for initial mixed states of the two nanocantilevers,
albeit with significantly lower values. Higher initial excitations number of the oscil-
lators correspond to greater non-classical character of the oscillators, which results in
a stronger entangled state of the two oscillators.
After arriving at the closed form expressions for the time-evolved wave functions
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Figure 3.4: Occupation probability, as a function of time, for the states (a) |g, 3, 0〉
(red, dashed), |g, 2, 1〉 (green, thick dashed), |g, 1, 2〉 (black, dotted) and |g, 0, 3〉 (blue,
solid); (b) |e, 2, 0〉 (red, dashed), |e, 1, 1〉 (blue, dotted) and |e, 0, 2〉 (black, solid), with
the initial condition Cg,3,0(0) = 1. Time is scaled in units of κ.
describing the quantum state of two indirectly coupled nanocantilevers, we shall now
quantify the entanglement present between the two nanocantilevers. We use the Peres
criterion [82] to quantify entanglement between the two nanocantilevers. To do this,
we trace out the ultra-cold atomic gas, and compute the negativity for the reduced
density matrix for the two nanocantilevers. The negativity is defined as
N = max(0,−
∑
i
λi), (3.19)
where
∑
i λi is the sum of all the negative eigenvalues of the partially transposed
density matrix. It turns out that N is not only easy to compute but has an added ad-
vantage of being an entanglement monotone [58]. For a bipartite system of two qubits,
N lies between 0 and 0.5 for separable and maximally entangled states respectively.
For a maximally entangled state of two qudits N is bounded by N ≤ (k − 1)/2
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Figure 3.5: Degree of entanglement, as measured by the negativity defined in equation
(3.19), for a system of two nanocantilevers interacting with a dissipation free ultra-
cold gas, in (a) the one- (red, thin solid), two- (blue, dotted) and three-excitation
(black, thick solid) subspaces, with all the excitations initially present in one of the
cantilevers. Also, for comparison, the negativity is presented for the case when the
initial excitation is in the gas for the one-excitation subspace (green, broken), (b) For
an initial mixed state of the first three excitation subspaces with average occupancy
of 0.3. Time is scaled in units of κ.
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where k is the number of terms in the Schmidt decomposition of an overall pure
state of a bipartite system. As shown in Fig. [3.5(a)], in a one-excitation subspace
the system of two nanocantilevers remains entangled at all times except at certain
instants though the two nanocantilevers never attains the maximal entanglement. In
subspaces with higher excitations, the two oscillators become more and more entan-
gled. In Fig. [3.5(a)] we have also compared N for two different initial conditions
in a one-excitation subspace. It is clear from Fig. [3.5(a)] that if the initial excita-
tion lies in the ultra-cold gas then it favours the generation of maximally entangled
states of the two nanocantilevers. One of the main feature of our proposed scheme
to generate entangled states of spatially separated mechanical oscillators is that en-
tangled states of the two nanocantilevers are generated even for an initial mixed
state. As an illustration, we plot in Fig. 3.5(b) the negativity as a measure of en-
tanglement for an initial separable mixture of the first three-excitation subspaces.
We have assumed an initial state of the two indirectly coupled nanocantilevers as
ρ(0) =
∑3
n=1
n¯n
(n¯+1)n+1
|na〉|0b〉|0c〉〈na|〈0b|〈0c|, which is a mixture of state vectors corre-
sponding to first three excitation subspaces where the initial excitation lies in one of
the cantilever. A non-zero value of negativity in Fig. 3.5(b) again points to a finite
entanglement being present between the two nanocantilevers.
As another measure to quantify entanglement present in the system of two indirectly
coupled nanocantilevers we shall compute tangle [83]. This entanglement measure
gives us the amount of quantum correlations present between two subsystems. Tangle
for a bipartite system in an overall pure state with arbitrary subsystems dimensions
is defined as
τΨAB = 2νAνB(1− Tr(ρ2A)),
where A,B are the two subsystems and νA, νB are the scale factors. In general, νA, νB
depends on the subsystems dimensions DA and DB, and are usually taken as one
so that the extra unused Hilbert space has no effect on the value of concurrence
(square of tangle) [84]. Assuming the ultra-cold atoms constitutes as one subsystem
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and the joint state of the two nanocantilevers constituting the other subsystem, the
entanglement present between the two subsystems can be computed as
τΨG(C1C2) = 2(1− Tr(ρ2C1C2)), (3.20)
where ρC1C2 refers to the reduced density matrix representing the joint state of the
two nanocantilevers, obtained by tracing over the atomic degrees of freedom. If the
overall system starts out in a pure state, then in the subsequent time evolution a non
zero value of tangle τΨG(C1C2) points to the quantum correlations built between the two
nanocantilevers and the ultra-cold atoms. If a measurement is performed on the ultra-
cold atoms, then the quantum back action on the ensemble of two nanocantilevers is
given by the above equation [83].
From the time-evolved wave functions of the two indirectly coupled nanocantilevers,
the ultra-cold atoms-remainder4 tangle is evaluated and the result is shown in Fig. [3.6]
for all three excitation subspaces. The collapse of entanglement between the two
nanocantilevers can be attributed to the fact that there is loss of information of the
cantilever dynamics to the ultra-cold atoms, while the resurrection of entanglement
can be explained on the grounds that so far we have not considered any losses in our
analysis. On the other hand, the entanglement sharing between the two cantilevers
and the ultra-cold atoms occurs in a much more complex way in higher excitation
manifolds and at no instance of time there is found to be complete disentanglement
of the two cantilevers and the ultra-cold atoms. In Fig. [3.7] is shown the evolution of
one cantilever-remainder tangle for all three excitation subspaces 5. The cantilever-
remainder tangle is a measure of the quantum back-action on the cantilever-ultra-cold
atoms ensemble while making a measurement on the other cantilever.
4Remainder here refers to the collective state of two indirectly coupled nanocantilevers.
5Remainder here refers to the joint state of the other nanocantilever and ultra-cold atoms.
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Figure 3.6: Time variation of the ultra-cold atoms-remainder tangle τΨG(C1C2) for
the system of two indirectly coupled nanocantilevers in one- (pink, dashed), two-(red,
thick solid), three-excitation (blue, thin solid) subspaces. Time is scaled in units of
κ.
3.3.2 Heisenberg picture
The unitary evolution of any quantum system can be equivalently described either in
the Schro¨dinger or in the Heisenberg picture. After studying the unitary dynamics
of the system of two indirectly coupled oscillators in the Schro¨dinger picture, we
now present a compact way of describing the unitary evolution of the system in the
Heisenberg picture. This method allows us to approximately solve for the dynamics
of the coupled system of two nanocantilevers and the ultra-cold atoms in an arbitrary
excitation subspace.
From the Dicke model introduced previously in the chapter, we have −J ≤ M ≤
J . Since most of the atoms in the ultra-cold atoms are in the electronic ground
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Figure 3.7: Time variation of one cantilever-remainder tangle τΨC1(C2G) for one- (pink,
dashed), two- (red, thick solid) and three-excitations (blue, thin solid) subspaces.
Time is scaled in units of κ.
state, we can approximate [J+, J−]=2Jz=−N. An equivalent way of invoking this
approximation is through the Holstein-Primakoff (H.P.) transformation [85]. This
transformation is essentially a mapping from angular momentum spin operators to
the bosonic operators. With the H.P. mapping, the collective angular momentum spin
operators transforms as
Jˆ+ = cˆ†
√
N − cˆ†cˆ,
Jˆ− =
√
N − cˆ†cˆcˆ,
Jˆz = cˆ†cˆ− N
2
, (3.21)
where cˆ and cˆ† are the bosonic lowering and raising operators which satisfy the com-
mutation relation [cˆ, cˆ†] = 1. In the large N limit, (3.21) reduces to Jˆ+ ≈ cˆ†√N ; Jˆ− ≈
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cˆ
√
N ; Jˆz ≈ cˆ†cˆ − N
2
. Within this approximation, the Hamiltonian (3.10) takes the
form
H
~
= ω0(cˆ
†cˆ− N
2
+ aˆ†aˆ+ bˆ†bˆ) + κ(aˆ+ bˆ)cˆ† + κcˆ(aˆ† + bˆ†). (3.22)
Under the H.P. mapping, the original problem of nonlinear interaction between N
two-level atoms and two bosonic modes has been transformed to a problem of three
linearly coupled harmonic oscillators arranged in an open chain. This is a crucial
observation as it will turn out to be of great significance in the analysis to follow.
We now introduce pˆ†(0) and qˆ†(0) as two sets of collective excitation creation operators
defined as
pˆ†(0) = u(aˆ†(0) + bˆ†(0)) + v(cˆ†(0)),
qˆ†(0) = (aˆ†(0)− bˆ†(0))/
√
2. (3.23)
Requiring [pˆ(0), pˆ†(0)] = 1 and diagonalising (3.22) in the new basis [86], we find
Hˆ =
∑
k=±
~Ωkpˆ†kpˆk, (3.24)
where Ω± = ω0 ±
√
2κ and pˆ†±(0) = (aˆ
†(0) + bˆ†(0))/2 ± cˆ†(0)/√2. With (3.24) pˆ†(0)
and qˆ†(0) evolves as
pˆ†±(t) = e
iΩ±tpˆ†±(0), (3.25)
qˆ†(t) = eiω0tqˆ†(0). (3.26)
From (3.25) and (3.26) we obtain
aˆ†(t) =
pˆ†+(t) + pˆ
†
−(t) +
√
2qˆ†(t)
2
, (3.27)
bˆ†(t) =
pˆ†+(t) + pˆ
†
−(t)−
√
2qˆ†(t)
2
. (3.28)
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The above expressions for the time-evolved creation operators aˆ†(t) and bˆ†(t) along
with the equivalent expressions for aˆ(t) and bˆ(t) can be used to describe the unitary
time evolution of the system of two indirectly coupled nanocantilevers for arbitrary
initial conditions. For instance, evolution of a state with cantilever a initially prepared
in its n:th excited state can easily be determined as
|Ψn(t)〉 = e−iHt/~|g, n, 0〉 = e−iHt/~ aˆ
†n
√
n!
|g, 0, 0〉 (3.29)
|Ψn(t)〉 = aˆ
†n(t)√
n!
exp(−iHt/~)|g, 0, 0〉 (3.30)
For instance, for n = 1, we obtain
|Ψ1(t)〉 = aˆ†(t)|g, 0, 0〉 = 1
2

1 + cos(
√
2κt)
cos(
√
2κt)− 1
i
√
2 sin(
√
2κt)
 , (3.31)
where the basis vectors are the same as for equation (3.14), obtained in the Schro¨dinger
picture. The results are identical apart from a phase shift on the last component; this
is a general feature of the Schro¨dinger vs. the Heisenberg picture. The dark states
of the system are seen to correspond to excitations of the mode labelled q, so that a
dark state with n excitations is given by |Ψq,n(t)〉 = (qˆ†(t))n/(
√
n!)|g, 0, 0〉. This way,
dark states corresponding to different numbers of excitations in the system can be
easily computed.
Before concluding this section, we shall briefly point out the similarities and differ-
ences in the Schro¨dinger and Heisenberg approaches. To simplify calculations without
compromising with the physical insight, in the Schro¨dinger picture we restricted the
maximum number of excitations in the atomic gas to one. In the Heisenberg picture,
this constraint is relaxed, and the system of two nanocantilevers interacting with the
ultra-cold atoms is effectively treated as a system of three coupled harmonic oscilla-
tors. In reality, however, the number of excitations in the atomic gas is limited by the
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total number of atoms N . The Heisenberg solution is therefore valid as long as the
total number of excitations is less than the total number of atoms N , so that the gas
is effectively equivalent to a harmonic oscillator. The Schro¨dinger and Heisenberg ap-
proaches give identical results if this holds, and if more than one excitation is allowed
in the gas in the Schro¨dinger picture.
Another noteworthy feature is that under the Holstein-Primakoff (H.P.) transforma-
tion, an approximate closed form analytical expression describing the evolution of
a system of two indirectly coupled nanocantilevers can be derived. This approxi-
mate analytical analysis correctly describes the dynamics of two indirectly coupled
nanocantilevers in the regime where the number of excitations in the ultra-cold atoms
is much smaller as compared to the total number of atoms in the ultra-cold atoms.
The H.P. transformation greatly eases the analytical treatment but only at the ex-
pense of losing the intrinsic nonlinear interaction between the bosonic fields and a set
of two-level atoms. Under the H.P. mapping, the coupled system reduces to a much
simpler system of linearly coupled harmonic oscillators. This simplification greatly
changes the physical consequences. If the bilinear interactions between the cantilevers
are further simplified under the rotating wave approximation (RWA), then an initial
classical Gaussian state will always evolve to a state with a positive P function [87],
the details of which will be provided later. This implies that under the H.P. transfor-
mation if the indirect interaction between the oscillators are further simplified under
the RWA, then an initial separable classical state of the nanocantilevers will always
remains classical.
3.4 Dispersive regime
In the previous section we studied a physical scenario where the two nanocantilevers
are interacting resonantly with the collective excitations of the ultra-cold atoms. In
this section we shall study another interesting regime where the two nanocantilevers
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are interacting dispersively with a cloud of ultra-cold atoms [88]. We assume that
the two nanocantilevers have the same fundamental resonance frequency ω0 while the
ultra-cold atoms is represented by a single quantised mode of frequency ωa. If the
mean number of excitations in the ultra-cold atomic gas is small compared to the
total number of ultra-cold atoms, then under the H.P. transformation the indirect
interaction between the two nanocantilevers is modelled by the following Hamiltonian
H
~
= ωa(cˆ
†cˆ−N/2) + ω0(aˆ†aˆ+ bˆ†bˆ) + [κ(aˆ+ bˆ)cˆ† + h.c.]. (3.32)
The dispersive regime is characterised by the criteria κ << |ωa−ω0| << ωa+ω0 [88].
To study the dispersive dynamics of the system we introduce the following unitary
transformation, Uˆ = eλα, where αˆ = cˆ(aˆ† + bˆ†)− cˆ†(aˆ + bˆ) and λ = κ/|ωa − ω0|. The
transformed Hamiltonian under the above transformation takes the form
Hdisp = Uˆ †HUˆ . (3.33)
Using the Baker-Campbell Hausdorff formula eAˆBˆe−Aˆ = Bˆ + [Aˆ, Bˆ] + [Aˆ,[Aˆ,Bˆ]]
2!
+
[Aˆ,[Aˆ,[Aˆ,Bˆ]]
3!
+ ... and truncating (3.33) to first order in λ we get for the transformed
Hamiltonian
Hdisp ≈ (ω0 − 2λκ)(aˆ†aˆ+ bˆ†bˆ) + (ωa + 4λκ)cˆ†cˆ− ωaN
2
+ (κ+ λ(ω0 − ωa))((aˆ+ bˆ)cˆ† + cˆ(aˆ† + bˆ†))− 2λκ(aˆ†bˆ+ bˆ†aˆ). (3.34)
Before analysing the dynamics of the system governed by (3.34), it is worth noting that
in the dispersive regime the transformed Hamiltonian now contains an effective direct
interaction between the two nanocantilevers. To describe the unitary dynamics of the
system we now solve for the Heisenberg equations of motion. For a time dependent
operator Aˆ, the Heisenberg equation of motion is
dAˆ
dt
=
i
~
[Hˆ, Aˆ]. (3.35)
54
CHAPTER 3. NANOCANTILEVERS COUPLED TO ULTRA-COLD ATOMS: . . .
For creation operators aˆ, bˆ and cˆ the Heisenberg equations of motion become
daˆ
dt
= −i(ω0 − 2λκ)aˆ− i(κ+ λ(ω0 − ωa))cˆ+ 2iλκbˆ, (3.36)
dbˆ
dt
= −i(ω0 − 2λκ)bˆ− i(κ+ λ(ω0 − ωa))cˆ+ 2iλκaˆ, (3.37)
dcˆ
dt
= −i(ω0 + 4λκ)cˆ− i(κ+ λ(ω0 − ωa))(aˆ+ bˆ), (3.38)
d
dt
(aˆ+ bˆ) = −i(ω0 − 2λκ)(aˆ+ bˆ) + 2iλκ(aˆ+ bˆ)− 2i(κ+ λ(ω0 − ωa)cˆ. (3.39)
These simultaneous set of differential equations can be analytically solved to give
aˆ(t) =
Cˆ1e
m+t + Cˆ2e
m−t
2
+
(aˆ(0)− bˆ(0))
2
e−iω0t, (3.40)
bˆ(t) =
Cˆ1e
m+t + Cˆ2e
m−t
2
− (aˆ(0)− bˆ(0))
2
e−iω0t,
where
Cˆ1 =
−2i(κ+ λ(ω0 − ωa))cˆ(0) + (4iλκ− iω0 −m−)(aˆ(0) + bˆ(0))
(m+ −m−) ;
Cˆ2 =
−2i(κ+ λ(ω0 − ωa))cˆ(0) + (4iλκ− iω0 −m+)(aˆ(0) + bˆ(0))
(m− −m+) ;
m± =
−i(ω0 + ωa)± i
√
(ω0 − ωa)2 + 4K
2
;
K = κ2(2 + 16λ2) + 2λ2(ω0 − ωa)2 − ω0ωa.
To first order in λ, the Hamiltonian (3.34) exactly describes the dynamics of two
nanocantilevers interacting with an ultra-cold atomic ensemble in the dispersive limit.
For instance, in a one-excitation subspace, starting from an initial pure state of one
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of the cantilever, the system evolves as,
|Ψdisp(t)〉1 = aˆ†(t)|0〉a|0〉b|0〉c, (3.41)
where |0〉a|0〉b|0〉c refers to the collective vacuum state of cantilevers a, b and the
collective vibrational ground state of the ultra-cold gas. Thus |Ψdisp(t)〉 in a one-
excitation subspace evolves as
|Ψdisp(t)〉1 = A1(t)|0〉a|0〉b|1〉c +B1(t)|1〉a|0〉b|0〉c + C1(t)|0〉a|1〉b|0〉c, (3.42)
where
A1(t) =
2i(κ
√
N + λ(ω0 − ωa))(em∗+t − em∗−t)
2(m∗+ −m∗−)
,
B1(t) = (
(4iκλ
√
N − iω0)(em∗−t − em∗+t)
2(m∗+ −m∗−)
+
m∗+e
m∗−t −m∗−em∗+t
2(m∗+ −m∗−)
+
eiω0t
2
),
C1(t) = (
(4iκλ
√
N − iω0)(em∗−t − em∗+t)
2(m∗+ −m∗−)
+
m∗+e
m∗−t −m∗−em∗+t
2(m∗+ −m∗−)
− e
iω0t
2
).
In a subspace with two excitations, the two indirectly coupled nanocantilevers time
evolves as
|Ψdisp(t)〉2 = (aˆ
†(t))2√
2!
|0〉a|0〉b|0〉c
= A2(t)|0〉a|0〉b|2〉c +B2(t)|0〉a|1〉b|1〉c + C2(t)|1〉a|0〉b|1〉c
+D2t)|1〉a|1〉b|0〉c + E2(t)|0〉a|2〉b|0〉c + F2(t)|2〉a|0〉b|0〉c, (3.43)
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where
A2(t) = A
2
1(t)/
√
2,
B2(t) =
√
2A1(t)C1(t),
C2(t) =
√
2A1(t)B1(t),
D2(t) =
√
2A1(t)B1(t),
E2(t) =
√
2C21(t),
F2(t) =
√
2B21(t).
With the solution of the time-evolved wave function describing the state of two indi-
rectly coupled nanocantilevers interacting dispersively with the atomic cloud in hand,
we can now compute the quantum entanglement between the two nanocantilevers.
As a measure of degree of inseparability between indirectly coupled nanocantilevers,
we compute the logarithmic negativity. The time evolution of the negativity for a
subspace with one and two excitations is shown in Fig. 3.8 and Fig. 3.9 respectively.
We find that in the dispersive regime, the excitation(s) is always shared between the
two nanocantilevers and the atoms remain completely decoupled from the dynamics.
We again find that the time evolved state of the two nanocantilevers interacting dis-
persively via ultra-cold atoms exhibit time varying entanglement. The entanglement
being maximal in one-excitation subspace, while in a subspace with more excitations
the value of entanglement is very close to its value for a maximally entangled state.
3.5 Beyond the rotating wave approximation
So far we have modelled the interaction between the collective excitations of the ultra-
cold atoms and the vibrational mode of each nanocantilever under the rotating wave
approximation (RWA). To illustrate the validity of the RWA, we first start with the
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Figure 3.8: (a) Occupation probability, as a function of time, for the states |e, 0, 0〉
(red, thick dashed), |g, 0, 1〉 (blue, dotted), |g, 1, 0〉 (black, solid); (b) Time variation of
entanglement between the two nanocantilevers interacting dispersively with an ultra-
cold atoms and quantified in terms of the negativity where |ω0− ωa| = 9000. Time is
scaled in units of κ.
following Hamiltonian
H = ~ωaJˆz + ~ω0(aˆ†aˆ+ bˆ†bˆ) +
κ√
N
(aˆ+ aˆ†)Jˆx +
κ√
N
(bˆ+ bˆ†)Jˆx, (3.44)
which describes the interaction between the quantised motion of each nanocantilever
and the collective magnetic moment of the ultra-cold atoms under the dipole approx-
imation.
Despite its simplicity, finding an exact analytical solution of the Hamiltonian (3.44)
is difficult in general (see also [89] for some recent breakthrough regarding this).
The Hamiltonian (3.44) is thus often simplified under the rotating-wave approxima-
tion (RWA). Expressing Jˆx in terms of collective raising and lowering operators, the
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Figure 3.9: (a) Occupation probability, as a function of time, for the states |g, 2, 0〉
(black, solid), |g, 1, 1〉 (red, thick dashed), |g, 0, 2〉 (blue, dotted); (b) Time variation of
entanglement between the two nanocantilevers interacting dispersively with an ultra-
cold atoms and quantified in terms of the negativity where |ω0− ωa| = 9000. Time is
scaled in units of κ.
Hamiltonian (3.44) can be re-expressed as
H = ~ωaJˆz + ~ω0(aˆ†aˆ+ bˆ†bˆ) +
κ√
N
(aˆ+ aˆ†)(Jˆ+ + Jˆ−) +
κ√
N
(bˆ+ bˆ†)(Jˆ+ + Jˆ−). (3.45)
In the interaction picture of the free evolution of the two nanocantilevers and the
ultra-cold atoms, the Hamiltonian (3.45) takes the form
H =
κ√
N
(aˆe−iω0t + aˆ†eiω0t)(Jˆ+eiωat + Jˆ−e−iωat)
+
κ√
N
(bˆe−iω0t + bˆ†eiω0t)(Jˆ+eiωat + Jˆ−e−iωat).
Now it is easy to see that the operators aˆJˆ+ (aˆ
†Jˆ−) and aˆJˆ− (aˆ†Jˆ+) oscillate with the
phase factors e+i(ωa−ω0)t (e−i(ωa−ω0)t) and e−i(ωa+ω0)t (e+i(ωa+ω0)t) respectively. Under
near resonant interactions |ωa−ω0|  ωa+ω0, the operators aˆJˆ+ and its hermitian con-
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jugate oscillate slowly, whereas the operators aˆJˆ− and its hermitian conjugate exhibit
fast oscillations. If in addition, the coupling is sufficiently weak, κ  min(ω0, ωa),
one can separate the time scales for the slow and the fast oscillations and replace the
counter-rotating terms by their vanishing time averages. This approximation under
which the fast oscillating terms are dropped from the Hamiltonian is what is known
as the rotating-wave approximation (RWA) in quantum optics [79].
The RWA works very well for the commonly encountered quantum optical systems
operating in the ‘weak coupling’ regime, such as atoms interacting with a quantised
mode of radiation in a cavity. But the RWA fails to correctly describe the dynamics of
coupled quantum systems operating in the ‘strong coupling’ regime, such as the ones
encountered in solid state systems [90]. In this section, we shall model the indirect
interaction between the cantilevers beyond the RWA, but for the sake of simplifying
the calculations we shall still work in the resonant case i.e. ω0 = ωa = ω.
Under the Holstein-Primakoff transformation, the Hamiltonian (3.45) takes the form,
H
~
= ω(aˆ†aˆ+ bˆ†bˆ+ cˆ†cˆ−N/2) + κ(aˆ+ bˆ)(cˆ† + cˆ) + h.c.. (3.46)
We introduce the following operators,
fˆ =
(aˆ+ bˆ)
2
+
cˆ√
2
; (3.47)
gˆ =
(aˆ+ bˆ)
2
− cˆ√
2
; (3.48)
sˆ =
(aˆ− bˆ)√
2
, (3.49)
where [fˆ , fˆ †] ≡ [gˆ, gˆ†] ≡ [sˆ, sˆ†] = 1 and [fˆ , gˆ†] ≡ [gˆ, sˆ†] ≡ [sˆ, fˆ †] = 0. Rewriting (3.46)
in terms of these collective operators we get
H = ω(fˆ †fˆ + gˆ†gˆ + sˆ†sˆ) +
κ√
2
(fˆ †fˆ + fˆ fˆ † + fˆ fˆ + fˆ †fˆ †)
− κ√
2
(gˆ†gˆ + gˆgˆ† + gˆgˆ + gˆ†gˆ†). (3.50)
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The Hamiltonian (3.50) can be diagonalised by a Bogoliubov transformation, details
of which has been provided in Appendix A. To study the dynamics of the system
beyond the rotating wave approximation, we define the Hermitian operators Qˆ and
Pˆ corresponding to the two-mode quadratures of cantilevers a and b as follows
Qˆ(t) =
(aˆ(t) + aˆ†(t) + bˆ(t) + bˆ†(t))
4
, (3.51)
Pˆ (t) =
i(aˆ†(t) + bˆ†(t)− aˆ(t)− bˆ(t))
4
. (3.52)
The quantum fluctuations of these quadratures is well characterised by the variances
of these operators defined as
∆O2(t) = 〈Oˆ2(t)〉 − 〈Oˆ(t)〉2. (3.53)
We compute ∆P 2(t) and ∆Q2(t) for an initial state |α〉a|α〉b|0〉c. The result is shown
in Fig. 3.10. As can be seen from Fig. 3.10, the quadrature operator Qˆ exhibits a
time dependent squeezing beyond its respective value for a coherent state for which
∆Q2(0) = ∆P 2(0) = 1/8.
If the two nanocantilevers are initially prepared in coherent states and the time evolu-
tion is described under the Hamiltonian (3.22), we find no squeezing of the quadratures
Pˆ and Qˆ. This confirms the assertion that inclusion of counter-rotating terms in the
Hamiltonian is responsible for squeezing one of the two-mode quadratures of the two
nanocantilevers.
3.6 Dissipative dynamics
So far we have only considered the closed system dynamics of two nanocantilevers
interacting indirectly via an atomic ensemble. But in practise almost all physical
systems of interest belong to the class of open systems. The coupling of the system
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Figure 3.10: Variances in the quadratures Qˆ (red, thin dashed) and Pˆ (blue, thick
dashed) as a function of time. Quadrature Qˆ exhibits a time-dependent squeezing
beyond an initial coherent state (black, thin solid) with |ψ(0)〉 = |α〉a|α〉b|0〉c, where
ω=10κ and |α|2=1. As a result of counter rotating terms present in the Hamiltonian
(3.46), coupled oscillators exhibit time dependent squeezing in one of their collective
quadratures beyond a minimum uncertainty coherent state. Time is scaled in units
of κ.
of interest to numerous degrees of freedom of the environment is inevitable and this
will be the concern of the present section.
Dissipation can occur in the atomic gas with a decay rate Γ, or by thermal decay of
the nanocantilevers with a decay rate γ. For a nanocantilever with resonant frequency
ω0/2pi = 1 MHz and quality factor Q = 10
6 6 one obtains γ ∼ 1 Hz [10], whereas Γ is
largely governed by spin flips due to collisions or stray currents in the magnet or the
cantilever [91, 92]. We thus neglect the direct thermal decay of the two nanocantilevers
and only consider the much more rapid decay of the internal electronic states of the
atomic ensemble as the only dissipation channel.
The dissipative evolution of the system, under the Born-Markov approximation [93],
is well described by a Lindblad type master equation of the following form
∂
∂t
ρˆ =
−i
~
[H, ρˆ] + Lρˆ, (3.54)
6Such high Q-values have so far only been achieved with doubly clamped prestressed resonators
[10]. We note that our analysis could equally well be applied to a geometry where two such resonators
interact via the atomic ensemble.
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where ρˆ is the density matrix of the system and Lρˆ ≡ Γ(2Jˆ−ρˆJˆ+− Jˆ+Jˆ−ρˆ− ρˆJˆ+Jˆ−)/2
is the Lindblad operator and Jˆ+ and Jˆ− are the collective atomic raising and lowering
operators 7.
In a one-excitation manifold (3.54) can be solved by evaluating
(Lρ)i,j = 〈i|
(
3∑
k=0,l=0
Lρkl|k〉〈l|
)
|j〉, (3.55)
where |0〉 = |g, 0, 0〉, |1〉 = |e, 0, 0〉, |2〉 = |g, 1, 0〉 and |3〉 = |g, 0, 1〉. In this basis
(3.54) transforms to a set of coupled differential equations
∂
∂t
ρˆ+
i
~
[H, ρˆ] = L ˆρ(t), (3.56)
where
L ˆρ(t) = −NΓ
2

−2ρ1,1 ρ0,1 0 0
ρ1,0 2ρ1,1 ρ1,2 ρ1,3
0 ρ2,1 0 0
0 ρ3,1 0 0
 . (3.57)
A numerical solution of equation (3.56), for the initial condition Cg,1,0(0) = 1, is
shown in Fig. 3.11. In the steady state the system relaxes to a statistical mixture of
ground state and the dark state corresponding to the one-excitation subspace with
equal probability. Hence we are able to show that dissipation assisted time evolution
leads to a long-lived maximally entangled state of two nanocantilevers.
Following a similar series of steps as outlined above, we solve for the dissipative dynam-
ics of our system in two- and three-excitation manifolds and find a similar behaviour.
Numerical solutions of (3.54) in a two-excitation subspace is shown in Fig. [3.12]. We
7This way of modelling dissipation in terms of collective atomic raising and lowering operators
may not be the most appropriate way to model dissipation in excitation subspaces with more than one
excitation. However this analysis holds good when the collective excitations in the atomic ensemble
are approximated under the H.P. mapping.
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Figure 3.11: Evolution with time of the occupation probability for the states |g, 0, 0〉
(black, solid), |g, 1, 0〉 (blue, dotted), |g, 0, 1〉 (red, thick dashed) and |e, 0, 0〉 (green,
thin dashed). Initially Cg,1,0(0) = 1, and Γ = 10. Time is scaled in units of κ.
found that in a two-excitation manifold the system relaxes to a statistical mixture of
dark states of zero, one and two-excitation subspace with probabilities 0.25, 0.5 and
0.25 respectively, while in a three-excitation subspace (not shown here) the steady
state is a mixture of dark states of zero, one, two- and three-excitation manifolds
with respective statistical weights being 0.125, 0.375, 0.375 and 0.125. The robustness
of our scheme lies in the fact that it is capable of generating long lived entangled
states of nanomechanical systems even if the nanocantilevers were initially prepared
in mixed states. We solve for the dynamics of the system with one of the cantilevers
and the ultra-cold gas prepared in their respective ground states while the other can-
tilever is in a mixed state of zero, one, two and three excitations. The numerical
solution of the master equation is shown in Fig. [3.13] , which clearly ascertains our
claim. To summarise this section, we have shown that independent interactions of
the two nanocantilevers with the common cloud of an atomic ensemble with dissi-
pation in internal electronic states leads to generation of entangled states of the two
nanocantilevers. This opens up the possibility of achieving long-lived entangled states
of nanomechanical systems.
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Figure 3.12: Occupation probability, as a function of time, for the states (a) |g, 0, 0〉
(black, solid), |g, 1, 0〉 (blue, dotted), and |g, 0, 1〉 (red, dashed); (b) |g, 0, 2〉 (black,
solid), |g, 1, 1〉 (blue, dotted), and |g, 2, 0〉 (red, dashed). Initially Cg,2,0(0) = 1 and
Γ = 2. Excitations in the ultra-cold gas decay so quickly that the probability for states
containing such excitations to be occupied are much smaller than the probabilities
shown here. Time is scaled in units of κ.
3.7 Conclusions
In the present chapter we have discussed a scheme to entangle the vibrational modes of
two spatially separated nanocantilevers. The interactions between the nanocantilevers
are mediated via a cloud of ultra-cold atoms. We have discussed in detail the dynam-
ical evolution of the system of two indirectly coupled nanocantilevers both under the
unitary and dissipative evolution. The theoretical framework builds on treating the
quantised motion of the two nanocantilevers by approximating them as harmonic os-
cillators. The collection of ultra-cold atoms are also treated quantum mechanically.
Due to the identical quantum state of the ultra0cold atoms, the collective excitations
in the atomic ensemble are approximated as Dicke states, which are the simultaneous
eigenstates of the collective angular momentum operators Jˆz and Jˆ
2. The interaction
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Figure 3.13: Occupation probability, as a function of time, for the states (a) |g, 0, 0〉
(red, dashed); (b) |g, 1, 0〉 (blue, dotted), |g, 0, 1〉 (black, solid); (c) |g, 2, 0〉 (red,
dashed), |g, 1, 1〉 (blue, dotted), |g, 0, 2〉 (black, solid); (d) |g, 3, 0〉 (black, solid),
|g, 2, 1〉 (green, thick dashed), |g, 1, 2〉 (blue, dotted) and |g, 0, 3〉 (red, thin dashed).
Cantilever a is initially in a mixed state of zero, one, two and three excitations, with
average occupancy 〈naverage〉 = 0.3 and Γ = 2. Excitations in the ultra-cold gas decay
so quickly that the probability for states containing such excitations to be occupied
are much smaller than for the other states considered here. Time is scaled in units of
κ.
between collective excitations of the atomic ensemble and the quantised motion of
each nanocantilever arises as a result of interaction between the collective magnetic
moment of the ultra-cold atoms and spatially varying magnetic field generated by the
motion of a strong ferromagnet at the tip of each nanocantilever. These interactions
are modelled with the Dicke Hamiltonian.
We find that a reversible exchange of excitations between the two nanocantilevers,
mediated via the atomic cloud, results in a time varying entangled state of the two
nanocantilevers. The entangled state is generated both for initial pure and mixed
states. As expected, the degree of entanglement between the two nanocantilevers is
substantially higher for initial pure states compared to initial mixed states.
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While studying the dissipative evolution of the system we illustrated a possibility to
generate long-lived entangled states of two nanocantilevers. The main idea behind
our scheme is to avoid the direct thermal decay of the two nanocantilevers and only
allow them to undergo dissipation through the internal electronic states of the atomic
ensemble. It turns out that the eigenspectrum of the system is such that there is one
(dark) mode which remains decoupled from the dynamical evolution of the ultra-cold
atoms. If the direct mechanical damping can be avoided, then the population of the
dark modes remain intact.
Under the assumption that most of the atoms are in their ground states, a nonlinear
problem describing the interaction between two electromagnetic fields and a set of two-
level atoms can be mapped on to a simpler problem of three linearly coupled harmonic
oscillators. This is the essence of the Holstein Primakoff (H. P.) transformation used
in this chapter. The H.P. mapping and the theoretical framework provided in this
chapter will be relevant throughout the thesis.
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ANHARMONIC MECHANICAL OSCILLATORS
4.1 Introduction
In the previous chapter we studied in detail a physical scenario where two nanocan-
tilevers were interacting indirectly via collective excitations of an ultra-cold atomic
ensemble. In the preceding chapter it was assumed that if both nanocantilevers had
been cooled to near their ground states, then only their low lying vibrational states
were occupied. It was further assumed that at such low ambient temperature and in
absence of any external driving, each nanocantilever was performing simple harmonic
motion. It was shown that a coherent exchange of excitation(s) between the two
nanocantilevers resulted in an entangled state of the two oscillators. In the present
chapter we shall discuss the quantum features of two such nanocantilevers when their
potential is further modulated with an anharmonic component.
Most of vibrating physical systems, including the nano- and micromechanical systems
are normally endowed with a degree of anharmonicity, although with proportionately
much weaker strength as compared to the leading order harmonic component. In
the present chapter, however, we shall concentrate on the influence of an externally
induced nonlinearity on the entangled states of two indirectly coupled oscillators and
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shall also outline a proposal to induce a particular nonlinear contribution to the
potential landscape of a vibrating mechanical system [54].
Quantum dynamics of an anharmonic oscillator has already been studied in great
detail in the literature [47, 48, 49, 50]. In the present chapter we therefore address
another situation where an anharmonic oscillator is coupled to a second quantum
system. Firstly, we investigate the quantum dynamics of two anharmonic oscillators
interacting with a linear oscillator. We show that as a result of indirect interaction
mediated by the linear oscillator, the two nonlinear oscillators exhibit time-varying
entanglement. Interestingly, we find that the effect of a nonlinearity is much more
pronounced for certain initial states. When dissipation is included, the effect of non-
linearity strongly governs the steady state evolution of the two indirectly coupled
nonlinear oscillators.
As a second illustration to demonstrate the effect of external nonlinearity, we investi-
gate the unitary evolution of a cavity mode interacting with a movable mirror which
is modelled as an anharmonic oscillator. We provide a full analytical treatment of
a physical model describing this interaction in a regime where both the nonlinearity
and the coupling due to the radiation pressure is weak. We show that unitary evo-
lution results in time-dependent entanglement between the oscillator and the cavity
mode. Moreover, under the joint action of radiation pressure coupling and intrinsic
nonlinearity, the movable mirror will also exhibit non-classical dynamics [54, 94].
Nonlinear effects are typically small in nanocantilevers, since the amplitude of their
oscillations are inevitably small compared to their length. Moreover, it is difficult
to control the nonlinearities externally. In this chapter we propose to use an elec-
tromagnetic setup based on a Helmholtz coil configuration, where the nonlinearity
stems from the fact that the energy due to the interaction between the magnetic field
produced by the coils and permanent magnets at the tips of the cantilevers has a
term that depends on the fourth power of the deflection of a tip from its equilibrium
position [54]. This allows us to externally tune the strength of the nonlinearity, which
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may be difficult in other realisations [12, 52].
4.2 Indirectly coupled anharmonic oscillators
In this section we shall explore the quantum dynamics of two anharmonic oscillators,
both of which interact with the same linear oscillator. We will keep the theoretical
treatment general at this point, but in Section 4.4 we will discuss a potential realisation
of the required nonlinearites.
4.2.1 Unitary dynamics
Consider two identical nano- or micromechanical oscillators each of mass m and op-
erating in the quantum regime with fundamental vibrational frequency ωm. Denoting
the position and momentum operators of each oscillator by qˆi and pˆi, where i = 1, 2,
the free evolution of the two oscillators is governed by the Hamiltonian
Hˆ =
2∑
i=1
[
pˆi
2
2m
+
mω2mqˆi
2
2
]
. (4.1)
If we can modulate the potential seen by the oscillator such that there is an additional
term proportional to qˆ4i , then this will introduce an effective nonlinearity for the me-
chanical oscillator. The Hamiltonian of two such independent anharmonic oscillators
then takes the form
Hˆ1 =
2∑
i=1
[
pˆi
2
2m
+
mω2mqˆi
2
2
+ β˜qˆ4i
]
, (4.2)
where β˜qˆ4i is the nonlinear interaction energy. Expressing the position and momentum
operators of each oscillator as
qˆ1 =
√
~
2mωm
(aˆ† + aˆ); pˆ1 = i
√
~mωm
2
(aˆ† − aˆ)
qˆ2 =
√
~
2mωm
(bˆ† + bˆ); pˆ2 = i
√
~mωm
2
(bˆ† − bˆ),
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where aˆ†(aˆ) and bˆ†(bˆ) are the creation (annihilation) operators for the vibron excita-
tions of the two anharmonic oscillators, and further neglecting all the counter-rotating
terms, (4.2) takes the form
˜ˆ
H1/~ ≈ ωm(aˆ†aˆ+ bˆ†bˆ) + β(nˆ2a + nˆa) + β(nˆ2b + nˆb), (4.3)
where nˆa and nˆb are the number operators of the two anharmonic oscillators and β=β˜
(~/2mωm)2/~ is the nonlinearity strength in units of Hz. It is worth stressing that
in general, for a driven nonlinear oscillator, the oscillation frequency depends on the
driving amplitude 1, although a single resonance frequency can still be a valid ap-
proximation in the case of a very weak driving force. Moreover, in the present work
we are considering a system of two undriven nonlinear oscillators, for which assign-
ing a single resonance frequency seems to be a reasonable assumption. Nonetheless,
depending on the initial excitation amplitude, the nonlinear oscillator might exhibit
multistable behaviour. But as long as the initial average number of excitations 〈nˆ〉
of each oscillator is such that ωm + 〈n〉β ≈ ωm, the assumption of a single resonant
frequency for each oscillator is still a reasonable approximation. Keeping this is mind
in the discussion to follow, we shall restrict ourselves to subspaces with a low number
of excitation quanta of each oscillator.
We are interested in the indirect interaction between the two nonlinear oscillators
mediated by a linear oscillator with quantised energy levels equispaced by energy ~ω.
The indirect coupling is advantageous because it allows for accurate control of the
interaction strength by manipulating the mediating oscillator, and consequently gives
a handle on the quantum dynamics of two nonlinear oscillators. The importance of the
indirect interactions can be further appreciated in the dissipative regime. There, if the
dissipation rate of the mediating oscillator is much faster than the thermal relaxation
rates of the individual oscillators, steady state entangled states of the two nonlinear
1A nonlinear oscillator may have an amplitude-dependent oscillation frequency and exhibit for
instance quantum chaotic features. See, e.g., [95] and [96]
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oscillators can be achieved. The linear oscillator is here assumed to be addressable by
electromagnetic radiation created by excess charge or by nano-magnets at the tip of
the oscillators, which produces an oscillating electromagnetic field [24]. Making the
rotating wave and dipole approximations, the unitary evolution of the system of two
indirectly coupled nonlinear oscillators is given by the Hamiltonian
˜ˆ
H1/~ = ωm(aˆ†aˆ+ bˆ†bˆ) + ωcˆ†cˆ+ β(nˆ2a + nˆa + nˆ2b + nˆb)
+κ(aˆ†cˆ+ bˆ†cˆ) + κ(cˆ†aˆ+ cˆ†bˆ), (4.4)
where cˆ†, cˆ are the creation and annihilation operators for the single quantised mode
of the linear oscillator, which couples symmetrically — with coupling strength κ
— to each of the nonlinear oscillators. The Hamiltonian (4.4) may, for instance,
describe the coherent interaction of two anharmonic oscillators with an ultra-cold
atomic ensemble [40], in which case in the limit of low atomic excitations, the creation
and annihilation operators cˆ† and cˆ will be analogous to the collective atomic raising
and lowering operators Jˆ+, Jˆ− [40, 75]. As shown in [40], the indirect coupling strength
κ between the two nonlinear oscillators can be made to exceed the direct coupling
κdirect between them. Moreover, the nonlinearity strength β can also be made stronger
than the direct coupling strength κdirect such that κdirect < β < κ. For instance,
a nanocantilever with a zero-point oscillation amplitude of 50 pm and a ferromagnet
with 106 atoms on each cantilever tip, together with the atomic cloud trapped at a
distance d = 1 µm above the nanocantilevers and N = 104 atoms in the trap, then
κ/κdirect = 8 and β/κdirect = 5 (see Section 4.4).
A general solution of (4.4) may be found, where the conservation of the total number
of excitations significantly simplifies the treatment. If the oscillators can be cooled
near to their ground states we can restrict ourselves to subspaces with few excita-
tions. Furthermore, in order to simplify the analytical and numerical treatment we
will truncate the Hilbert space of the middle linear oscillator to its first two lowest
excitation subspaces. This assumption results in a rescaling of the Rabi oscillations
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without altering the qualitative picture [40].
In the one-excitation subspace, the relevant basis states for the unitary dynamics
governed by the Hamiltonian (4.4) are |1〉a|0〉b|0〉c, |0〉a|1〉b|0〉c and |0〉a|0〉b|1〉c. Here
|1〉a|0〉b|0〉c denotes a state where one of the anharmonic oscillators is in its first excited
state while the other nonlinear oscillator and the linear oscillator are in their ground
states, and similarly for the other combinations. If we assume that the energy splitting
of the linear oscillator can be brought in resonance with the oscillation frequency of
the anharmonic oscillator, then the Hamiltonian (4.4) in the interaction picture takes
the form
Hˆint = ~β(nˆ2a + nˆa + nˆ2b + nˆb) + ~κ(aˆ†cˆ+ bˆ†cˆ) + h.c.. (4.5)
A general initial state of the nonlinear-linear coupled oscillator system in the subspace
of one-excitation can be written as,
|Ψ1(t)〉 =
1∑
j=0
Cj,1−j,0(t)|j〉a|1− j〉b|0〉c + C0,0,1(t)|0〉a|0〉b|1〉c. (4.6)
With the initial condition |Ψ(0)〉 = |1〉a|0〉b|0〉c, the time-dependent wave function
becomes
|Ψ1(t)〉 = α1(t)|1〉a|0〉b|0〉c + α2(t)|0〉a|1〉b|0〉c + α3(t)|0〉a|0〉b|1〉c,
where,
α1(t) =
(
1
2
+
e−iβt/2
2
cos(K1t/2)− iβ e
−iβt/2
2K1
sin(K1t/2)
)
α2(t) =
(
− 1
2
+
e−iβt/2
2
cos(K1t/2)− iβ e
−iβt/2
2K1
sin(K1t/2)
)
α3(t) = −2i κ
K1
e−iβt/2 sin(K1t/2)|0〉a|0〉b|1〉c,
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with K1 =
√
β2 + 8κ2. In the limit β → 0 we obtain
|Ψ1(t)〉 = (1 + cos
√
2κt)
2
|1〉a|0〉b|0〉c + (−1 + cos(
√
2κt))
2
|0〉a|1〉b|0〉c
− i√
2
(sin(
√
2κt))|0〉a|0〉b|1〉c, (4.7)
which coincides with the wavefunction that describes the dynamics of two indirectly
coupled linear oscillators as obtained in (3.14). It should be noted that the effect of
the nonlinearity cannot be fully appreciated only in a one-excitation subspace. In
this case the effect of the nonlinearity can be mimicked by making the two oscillators
non-resonant with the mediating linear oscillator. Hence to better understand the
effect of the intrinsic nonlinearity on the quantum dynamics of each oscillator, we
have to study subspaces with more excitations. We illustrate this by solving the case
with two and three excitations.
With the result of the unitary evolution for all three-excitation subspaces in hand,
we can now attempt to characterise the entanglement between the two anharmonic
oscillators, and by doing so we shall try to understand the influence of the inherent
nonlinearities on the emergence of quantum correlations. The time-dependent state
of the two anharmonic oscillators is a mixed state found by tracing over the degrees
of freedom of the linear oscillator. To quantify the entanglement in a bipartite system
in an overall mixed state, we again use the Peres criterion [82] and following the same
steps as outlined in the previous chapter we compute the negativity as a measure of
the bipartite entanglement.
A coherent exchange of excitation(s) between the two anharmonic oscillators mediated
indirectly via the linear oscillator, results in an entangled state of the two nonlinear
oscillators. As shown in Fig. 4.1, the oscillators exhibit a time-dependent entangle-
ment, and at certain instants the entanglement is found to be maximal or nearly
maximal in both excitation subspaces.
For the sake of comparison we also plot the negativity for two indirectly coupled linear
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oscillators. As can be seen from Fig. 4.1, for an initial state given by |1〉a|0〉b|0〉c, the
nonlinear oscillators exhibit stronger entanglement compared to their linear counter-
parts. On the other hand, we find that for a symmetric initial state |0〉a|0〉b|1〉c, a
stronger nonlinearity strength β leads to a more weakly entangled state of the two
oscillators.
The time evolution of entanglement for the indirectly coupled nonlinear oscillators in
subspaces of higher excitations are shown in Fig. 4.2 and Fig. 4.3. As can be seen in
subspaces of two and three excitations the effect of nonlinearity is clearly imprinted
on the entangled state of the two oscillators. All these results indicate that the effect
of nonlinearity is much more pronounced for certain initial states. The dynamics
becoming more complex in subspaces with higher excitations. As mentioned before,
the particular form of nonlinearity that we are interested in is clearly manifested in
subspaces with higher excitations. A more realistic scenario is when the oscillators
start in a mixed state. As an illustration of this case, we plot the logarithmic negativity
for an initial mixed state of two indirectly coupled nonlinear oscillators in Fig. 4.4.
As expected, the degree of entanglement is reduced considerably compared to the
case of initial pure states. Furthermore, and crucially depending on the initial state,
a non zero value of β may or may not enhance quantum entanglement between the
oscillators.
4.2.2 Dissipation of the oscillator
Every physical system is susceptible to dissipation. A more realistic approach will
therefore take decoherence induced by an environment into account. Dissipation can
either occur through the thermalisation of the two anharmonic oscillators or through
the mediating linear oscillator. As a first approximation we assume that the two non-
linear oscillators and the linear oscillator are coupled to independent zero-temperature
heat baths with coupling rates γa,b and γc, respectively. The effect of dissipation on
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Figure 4.1: Degree of entanglement, as measured by the negativity for β/κ = 0 (solid)
and β/κ = 0.5 (dashed). The initial states are (a) C1,0,0(0) = 1 (b) C0,0,1(0) = 1.
Time is scaled in units of κ.
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Figure 4.2: Degree of entanglement, as measured by the negativity for β/κ = 0 (solid)
and β/κ = 0.5 (dashed). The initial states are (a) C2,0,0(0) = 1 (b) C1,1,0(0) = 1.
Time is scaled in units of κ.
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Figure 4.3: Degree of entanglement, as measured by the negativity for β/κ = 0 (solid)
and β/κ = 0.5 (dashed). The initial states are (a) C3,0,0(0) = 1 (b) C1,1,1(0) = 1.
Time is scaled in units of κ.
78
CHAPTER 4. ANHARMONIC MECHANICAL OSCILLATORS
7.5 15 Κt
0.2
0.4
Negativity
(a)
7.5 15 Κt
0.2
0.4
Negativity
Figure 4.4: Degree of entanglement as measured by the negativity for β/κ = 0
(solid) and β/κ = 0.5 (dashed). The initial states are: in (a) a mixture of initial
asymmetric states of the three lowest lying excitation subspaces, in (b) a mixture of
initial symmetric states of the three lowest lying excitation subspaces with average
occupancy 0.1. Time is scaled in units of κ.
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their evolution — under the Born-Markov approximation — is well described by a
Lindblad-type master equation of the form
∂
∂t
ρˆ =
−i
~
[Hˆint, ρˆ] + Laρˆ+ Lbρˆ+ Lcρˆ. (4.8)
Here ρˆ is the density matrix of the system, and Lxρˆ ≡ γx(2xˆρˆxˆ† − xˆ†xˆρˆ− ρˆxˆ†xˆ)/2 is
the Lindblad operator representing the coupling of the oscillators to their independent
zero-temperature heat baths. Here too, we have assumed that the coupling strength
between the indirectly coupled anharmonic oscillators is weak enough so that the
dissipative evolution is safely described by adding local Lindblad operators.
A typical numerical solution of (4.8) in the one-excitation subspace is shown in
Fig. 4.5. As can be seen from the figure, the effect of external nonlinearity is clearly
imprinted on the entangled state of the two oscillators even when they undergo dissi-
pation. As for the case of unitary evolution, the effect of an inherent nonlinearity of
the oscillator is much more pronounced for certain initial states.
The intrinsic nonlinearity of the two oscillators has another dramatic effect in the
sense that it determines the dissipative dynamics of the coupled oscillators in higher
excitation subspaces. To see this we solve (4.8) in the two-excitation subspace. This
time we only allow the mediating linear oscillator to undergo dissipation on the time
scale of interest. An equivalent problem has been studied in [40], where under similar
conditions long-lived entangled states of two linear oscillators were achieved.
If β = 0 then aˆ− bˆ is a constant of motion of the Hamiltonian (4.5). Exploiting this
fact one can obtain steady states of the two linear oscillators which are entangled [40].
On the other hand, for nonlinear oscillators this does not hold true. Here, depending
on the initial state, one may or may not see a steady-state entangled state of the two
nonlinear oscillators develop [54].
To prove this statement a numerical solution of (4.8) is shown in Fig. 4.6. For an
initial asymmetric state the steady state is an entangled state of the two nonlinear
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Figure 4.5: Degree of entanglement, as measured by the negativity for β/κ = 0
(solid) and β/κ = 0.5 (dashed) and γa,b/κ = γc/κ = 0.1. The initial states are (a)
C1,0,0(0) = 1 and (b) C0,0,1(0) = 1. Time is scaled in units of κ.
oscillators while for an initial symmetric state the steady state is separable. These
observations can thus also be used as an indirect signature of the state of the nonlinear
oscillator.
The degree of inseparability of the two indirectly coupled oscillators has a non trivial
dependence on both the nonlinearity parameter β and the initial state. Depending on
the initial state a non zero value of nonlinearity strength β can enhance or suppress the
degree of entanglement. This behaviour holds true both when the system undergoes
unitary evolution and in the dissipative regime.
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Figure 4.6: (a) Degree of entanglement, as measured by the negativity for β/κ = 0
(solid) and β/κ = 0.5 (dashed), γc/κ = 2 and γa,b/κ = 0. The initial states are (a)
C2,0,0(0) = 1 and (b) C1,1,0(0) = 1. Time is scaled in units of κ.
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4.3 Interaction with a quantised cavity mode
In the previous section we saw how an intrinsic nonlinearity can strongly affect the
entanglement between the oscillators. Here we will discuss a second physical scenario
where an external nonlinearity plays a key role in governing the quantum dynamics
of an anharmonic oscillator. The physical system we have in mind is an anharmonic
oscillator coupled to a mode of a Fabry-Pe´rot cavity with one fixed and one movable
mirror.
In [97, 98] the problem of a cavity with a movable mirror has been discussed in
great detail. In these studies the movable mirror was treated as a simple harmonic
oscillator. This work was purely analytical, and showed that the coherent interaction
of a movable mirror with the cavity mode generates various non-classical states of the
cavity mode and the mirror. Here we are interested in probing the quantum features of
an anharmonic oscillator. We shall model the movable mirror as a nonlinear oscillator
with a nonlinearity proportional to x4, where x is the displacement of the mirror from
its equilibrium position. In what follows we study the coherent interaction between a
single quantised cavity mode and a nonlinear mirror coupled by the radiation pressure
[99]. We derive a closed analytical expression for the time-dependent state of the
cavity field and the movable anharmonic mirror, which is valid in the limit of weak
nonlinearity and low radiation pressure coupling.
If we assume that leakage of photons through the cavity can be neglected, then the
main source of decoherence is the coupling of the mirror to its surroundings, which
to some extent can also be avoided [100]. In what follows we therefore neglect any
dissipation channel in our physical model and only consider unitary evolution of the
system of the coupled cavity- and nonlinear-mirror system.
To construct the theoretical model we consider a single quantised cavity mode with
creation and annihilation operators kˆ† and kˆ, and resonance frequency ωk = 2pic/L,
where L is the length of the cavity. We assume that the movable mirror has been
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cooled near to its ground state and thus is operating in its quantum regime. Under the
action of cavity photon induced radiation pressure, the movable mirror will oscillate
about its equilibrium position. If we assume that the mirror moves a distance x along
the cavity axis such that the displacement is much smaller than the wavelength of the
cavity mode in one cavity round-trip time, then the scattering of photons to other
cavity modes can be safely neglected [99]. The length of the cavity then becomes
L+ x so that the resonance frequency of the cavity is of the form ω′k = 2pic/(L+ x).
The Hamiltonian of the cavity can then be rewritten as
Hˆcav = ~ω′kkˆ†kˆ = 2pi~
c
L+ x
kˆ†kˆ, (4.9)
which, in a quantum description of the mirror motion, becomes
Hˆcav = ~ωkkˆ†kˆ − ~gkkˆ†kˆ(aˆ† + aˆ), (4.10)
where it is assumed that x/L  1, gk = (ωk/L)
√
~/2mωm is the radiation pressure
coupling constant between the nonlinear mirror and the cavity field and aˆ†(aˆ) are
the creation (annihilation) operators for the vibron excitations of the anharmonic
mirror. Thus the unitary dynamics of the above physical system is governed by the
Hamiltonian
Hˆ2/~ = ωkkˆ†kˆ + (ωm + β)aˆ†aˆ+ β(aˆ†aˆ)2 − gkkˆ†kˆ(aˆ† + aˆ), (4.11)
where the nonlinear mirror has been approximated by a quartic anharmonicity as in
(4.3). The Hamiltonian in (4.11) can be rewritten using the transformation
Hˆtrans = e
SˆHˆ2e
−Sˆ, (4.12)
where the unitary operator Sˆ is given by
Sˆ = − gk
ωm + β
kˆ†kˆ(aˆ† − aˆ). (4.13)
84
CHAPTER 4. ANHARMONIC MECHANICAL OSCILLATORS
Consequently the operators aˆ and kˆ transform as
aˆ → aˆ+ gk
ωm + β
kˆ†kˆ, (4.14)
kˆ → kˆ exp
[
gk
ωm + β
(aˆ† − aˆ)
]
. (4.15)
Neglecting the counter-rotating terms, the transformed Hamiltonian in (4.12) becomes
Hˆtrans
~
= ωkkˆ
†kˆ + (ωm + β)aˆ†aˆ− g
2
kωm
(ωm + β)2
(kˆ†kˆ)2 + β(aˆ†aˆ)2 (4.16)
+
4g2kβ
(ωm + β)2
(aˆ†aˆ)(kˆ†kˆ)2 + 2β(
gk
ωm + β
)
3
(kˆ†kˆ)3(aˆ+ aˆ†) +
g4kβ(kˆ
†kˆ)4
(ωm + β)4
.
To further simplify the analysis we assume that both the nonlinearity and the radiation-
pressure coupling are weak, so that quadratic and higher orders terms in gk/(ωm +β)
can be neglected. This can be justified since a cavity of length L ∼ 10−3 m and
a movable mirror with oscillation frequency ωm ∼ 106 Hz and zero-point oscillation
amplitude 50 pm gives gk/ωm ∼ 0.01. Thus (4.16) reduces to
Hˆtrans
~
= ωkkˆ
†kˆ + (ωm + β)aˆ†aˆ− g
2
kωm
(ωm + β)2
(kˆ†kˆ)2 + β(aˆ†aˆ)2. (4.17)
It should be noted that nˆk = kˆ
†kˆ and nˆa = aˆ†aˆ are constants of motion since
[Hˆtrans, nˆk] = [Hˆtrans, nˆa] = 0. The transformed unitary time-evolution operator cor-
responding to Hˆtrans takes the form
Uˆtrans(t) = exp[−iωktkˆ†kˆ + i g
2
kωm
(ωm + β)2
t(kˆ†kˆ)2] (4.18)
× exp[−i(ωm + β)taˆ†aˆ− iβt(aˆ†aˆ)2].
The corresponding untransformed time evolution operator is Uˆ(t) = e−SˆUˆtrans(t)eSˆ.
See Appendix B for technical details regarding the exact form of Uˆ(t).
Under the assumption of weak nonlinearity and low radiation pressure coupling, Uˆ(t)
describes the undamped motion of an anharmonic oscillator interacting with a cavity
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mode. If we assume that both the cavity mode and the nonlinear movable mirror are
prepared in coherent states with amplitudes α and η respectively, then the state of
the combined system evolves as
|Ψ(t)〉 = Uˆ(t)|Ψ(0)〉
=
∞∑
n=0
e−|α|
2/2 α
n
√
n!
ei[(
gk
ωm+β
)2n2(ωmt−sin(ωm+β)t]e−inωkt|n〉c|η˜(t)〉a, (4.19)
where the state of the mirror is a mixture of Fock states given by
|η˜(t)〉a =
∞∑
m=0
[η˜(t)]me−|η˜(t)|
2/2e−iβtm
2 1√
m!
|m〉a, (4.20)
with
η˜(t) = ηe−i(ωm+β)t +
gk
ωm + β
n[1− e−i(ωm+β)t]. (4.21)
In the limit β → 0 we retrieve the result obtained in [97, 98] where the mirror state
reduces to a mixture of coherent states. It is worth noting that even in the weakly
nonlinear regime the effect of the nonlinearity is clearly imprinted on the state of the
movable mirror which is now in a mixture of Fock states. Also evident from (4.20)
is the inseparable state of the nonlinear oscillator and the cavity mode. As can be
seen from (4.19), the anharmonic oscillator exhibits periodic entanglement with the
cavity mode, except at certain instants where the state of the oscillator is completely
separable from the cavity mode. This happens when (ωm + β)t = 2qpi for q ∈ N. The
reduced density matrix of the state of the mirror is thus given by,
ρˆmirror(t) = Trk(|Ψ(t)〉〈Ψ(t)|)
ρˆmirror(t) =
∞∑
m,q,n=0
e−|α|
2|α|2n 1√
n!
(η˜(t))m(η˜∗(t))q
e−|η˜(t)|
2
eiβt(q
2−m2) 1√
m!
1√
q!
|m〉a〈q| (4.22)
It is now a straightforward exercise to compute the Wigner function W (λ, λ∗) [79] of
the mirror, which we plot in Fig. 4.7. As can be seen from this figure the negativity of
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Figure 4.7: (a) Wigner function of the movable mirror initially prepared in its ground
state and interacting with a cavity mode with(a) β/(ωm+β) = 10
−4 (b) β/(ωm+β) =
0. Initially |α|2 = 1; gk/(ωm + β) = 10−2 and (ωm + β)t = pi/4.
the Wigner function W (λ, λ∗) clearly identifies the non-classical state of the mirror.
It should be contrasted with the case of a linear oscillator interacting with a cavity
mode. There the state of the mirror is a mixture of coherent states and thus is
always characterised by a positive Wigner function. The evolution of the mirror into
a non-classical state is an effect of the combination of an intrinsic nonlinearity of the
mirror and the radiation pressure coupling with the cavity mode. This feature should
be compared with the results obtained in [98] where it has been shown that only
a conditional measurement on the cavity mode can project the linear mirror into a
non-classical state.
One would also expect the amplitude and the phase quadratures of the movable mirror
to be influenced by the intrinsic nonlinearity in the mirror. In order to quantify this
we define two Hermitian operators Qˆ and Pˆ , which correspond to the amplitude and
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phase quadratures of the movable mirror and are given by
Qˆ(t) = (aˆ†(t) + aˆ(t)), (4.23)
Pˆ (t) = i(aˆ†(t)− aˆ(t)). (4.24)
The coherent interaction of the cavity with the anharmonic oscillator should be re-
flected in the variance of the quadratures Pˆ and Qˆ defined by
∆Pˆ 2(t) = 〈Pˆ 2(t)〉 − 〈Pˆ (t)〉2, (4.25)
∆Qˆ2(t) = 〈Qˆ2(t)〉 − 〈Qˆ(t)〉2. (4.26)
We analytically solve for ∆Pˆ 2(t) and ∆Qˆ2(t) and plot the variance of the quadratures
Pˆ and Qˆ in Fig. 4.8. As can be seen there, the coherent interaction between a quan-
tised cavity mode and an anharmonic oscillator induces a time-dependent squeezing
in one of the mirror quadratures beyond the minimum uncertainty limit.
It is worth pointing out that the squeezing in the variance of the mirror quadratures
beyond the minimum uncertainty limit is the result of a combined effect of the intrinsic
nonlinearity and the radiation pressure coupling. This can be understood from the
fact that if the mirror is initially prepared in its vacuum state then it is known that a
nonlinearity of the form (4.3) alone cannot induce squeezing in the mirror quadratures
[12]. As a result of joint coherent interaction with the cavity mode and intrinsic
nonlinearity an initial vacuum state of the nonlinear mirror exhibit time dependent
squeezing beyond the minimum uncertainty limit.
4.4 Origin of the nonlinearities
The harmonic oscillator is often the result of an approximation of a more compli-
cated potential landscape. Nonlinear force terms are often naturally present in many
physical systems, but they are of higher order, hence small. Here we shall outline one
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Figure 4.8: Time variation of the variance of the mirror quadratures Pˆ (solid) and Qˆ
(dashed) with the mirror initially prepared in its vacuum state, where gk/(ωm + β) =
0.06 and |α|2 = 5. (a) β/(ωm + β) = 10−4 and (b) β/(ωm + β) = 0. As a result
of coherent interactions with a cavity mode an anharmonic oscillator exhibits time
dependent squeezing beyond the minimum uncertainty limit in one of its quadratures.
Time is scaled in units of ωm.
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possible physical scheme for inducing a nonlinearity, where the nonlinear quartic term
appears as a lowest order approximation. We propose to use a hybrid system which
relies on the electromagnetic coupling between nano-magnets located at the tip of the
cantilever 2 and external magnetic fields.
Consider a setup consisting of two identical circular magnetic coils of radii R placed a
distance of R/2 apart, with their common axis along the x direction. This Helmholtz
coil configuration is known to produce a very uniform magnetic field near the centre.
A nanocantilever with a strong ferromagnet of magnetic moment ~µ attached to its tip
is placed at the centre of the Helmholtz coil setup.
The magnetic field experienced by the ferromagnet at the tip of the nanocantilever,
is given by
B(x) =
µ0nturnsI
2R

[
1 +
(R
2
− x)2
R2
]− 3
2
+
[
1 +
(R
2
+ x)2
R2
]− 3
2
 , (4.27)
where x is the displacement of the tip of the oscillator from the centre and I is the
current in the pair of coils. Simplifying (4.27) for x/R 1 we get
B(x) =
8µ0I
5R
√
5
[
1− 144
125
( x
R
)4]
. (4.28)
Thus the interaction energy of the ferromagnet is given by
Hint = −µ ·B(x) ≈ 0.8µ0µI
R
( x
R
)4
. (4.29)
Representing the quantised motion of the oscillator in terms of creation and annihi-
lation operators aˆ† and aˆ, the interaction Hamiltonian takes the form
Hint = ~β(aˆ+ aˆ†)4, (4.30)
2We note that our analysis could equally well be applied to a doubly clamped resonator or a
membrane.
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where β = 1.28µ0µBNmagIa0
4/~R5, Nmag is the number of atoms in the ferromagnet,
and a0 is the zero point amplitude of the nanomechanical cantilever.
Using the physical setup described above, a nonlinearity of strength β can be induced
in the nanomechanical oscillator provided the zero point motion of the cantilever can
be made large (see [73] for a review of the present state of the art manufacturing of
nanomechanical oscillators). For a set of parameters where R ∼ 80 nm, I ∼ 1 mA,
Nmag ∼ 106, and a0 ∼ 50 pm, one obtains a nonlinearity strength of the order of β ∼
250 Hz, where we have neglected any finite size effects stemming form the nanomagnet
and coils.
4.5 Conclusions
In this chapter we have studied the dynamics of a harmonic oscillator when its po-
tential is modulated with a quartic nonlinearity. We have described, in detail, the
quantum evolution of two such anharmonic oscillators interacting indirectly via a lin-
ear oscillator. The mediating linear oscillator could also, for example, be represented
by some chosen collective excitations of an atomic ensemble. We have shown that the
indirect coherent interaction causes the two anharmonic oscillators to exhibit time-
dependent entanglement. Inherent nonlinearities in the nano-mechanical systems are
found to strongly influence the entangled state of the two oscillators. Interestingly,
the effect of nonlinearity is much more pronounced for certain initial states. The
signature of nonlinearity is clearly imprinted on the entangled state of the two anhar-
monic oscillators even when these oscillators are subject to decoherence. Nonlinearity
also plays a crucial role in determining the steady state evolution of the indirectly
coupled harmonic oscillators.
The coupling strength between the two oscillators can be characterised by the connec-
tivity [50]. Connectivity as defined in [50] is the ratio of the coupling strength between
the oscillators and the frequency difference between them, and diverges in the limit
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of identical oscillators. A high value of the connectivity corresponds to coherent ex-
change of excitations between the oscillators, which is desirable in order to operate in
the strong coupling regime where coherent interactions supersede all the losses in the
system. In the particular physical model studied here, however, we have found that a
larger value of the coupling strength does not always guarantee a strongly entangled
state of the two oscillators. The strength of the quantum correlations also depends on
the nonlinearity parameter and the initial state distribution. In addition, a very large
coupling strength also makes the rotating wave approximation used in modelling the
interaction between the oscillators questionable.
As a second illustration of the effect of nonlinearity, we have studied the coherent
interaction between a single quantised cavity mode and a movable mirror modelled as
a weakly nonlinear oscillator. In this case we have been able to find an analytical solu-
tion for the unitary evolution of the oscillator state. In particular, we have shown that
non-classical states of the mirror arise as a result of the combination of the radiation
pressure coupling and the intrinsic nonlinearity in the mirror. A non-classical state
of the mirror can be generated both for initial ground and coherent states. Unlike in
previously studied cases, non-classical states of the mirror can be generated without
the need of conditional measurements on the cavity mode [97, 98]. In addition we
have shown how squeezing appears in the variance of the quadratures beyond the
minimum uncertainty state. It should be stressed that for an initial ground state of
a single nonlinear mirror no squeezing will be generated. Squeezing only occurs due
to the interaction between the nonlinear mirror and the cavity field.
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5.1 Introduction
It is not yet completely clear to what extent quantum mechanics applies to macro-
scopic objects [14]. Quantum phenomena such as entanglement generally do not
appear in the macroscopic world. The difficulty of seeing quantum superpositions of
macroscopic systems is often attributed to environment-induced decoherence. Such
decoherence is thought to be the main cause reducing any quantum superposition to
a classical statistical mixture [2]. Thus, an obvious but impractical choice would be
to minimise the detrimental effect of the environment through perfect isolation of the
system of interest. Nonetheless, with the spectacular level of experimental advance-
ments, the possibility of seeing macroscopic quantum superpositions appears to be
within current experimental reach [101].
Related to this, quantum engineering [102] in the field of optomechanics has made
rapid advancement [55]. In a typical optomechanical setup, a mechanical system can
be manipulated by radiation forces. Such systems have recently attracted much theo-
retical and experimental attention [103, 104]. This is partly because of their potential
usefulness in extremely sensitive sensor technology and in quantum information pro-
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cessing [103]. Also, they are potentially one of the best tools to test the foundations
of quantum mechanics. Seminal progress has been made both theoretically and ex-
perimentally in this novel emerging field [55, 104].
In a typical physical system exploiting optomechanical interaction, the main compo-
nent is a cavity with a movable mirror. Light in the cavity and the movable mirror
interact due to a coupling induced by the radiation pressure. As a result, the movable
mirror executes simple harmonic motion around its equilibrium value [105], which thus
alters the cavity resonance frequency. This, in turn, changes the circulating power
in the cavity and hence the radiation pressure force acting on the movable mirror,
leading to intrinsic nonlinearities [106]. Strong light-matter coupling, both for opto-
and for electromechanical systems, is a main ingredient in this emerging research
field [107, 108]. Within the strong coupling regime, radiation-pressure interaction has
been successfully utilised for ground state cooling of mechanical oscillators [18, 19, 21].
Some of the fascinating schemes include preparing the cavity mode and the movable
mirror in a non-classical state [97, 98], preparing optomechanical or fully mechani-
cal Schro¨dinger cat states [64, 109, 110], and even inducing quantum correlations
between the subsystems [65, 111, 112, 113]. Apart from the mostly studied cavity-
movable mirror geometry, there have been some recent breakthroughs in exploring
quantum features of a membrane in a cavity [39, 114]. There is also a recent proposal
exploring the possibility of observing photonic analogs of the Josephson effect in an
optomechanical setting [115].
A common feature of most of these studies involve enhancement of the radiation
pressure coupling through intense laser driving of the cavity field. This is required to
achieve strong radiation pressure coupling which otherwise is too weak to observe any
non-classical phenomenon. Although most of these studies are restricted to Gaussian
state preparation involving optomechanical interaction, there have also been some
recent proposals to study non-Gaussian quantum states in the regime of single-photon
optomechanics [116, 117].
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Motivated by these theoretical and experimental advancements, we shall explore a
novel possibility of entangling mechanical and optical modes of two distant cavities
[56]. In previous studies squeezed light was used as a resource in order to entangle
two distant mirrors, which were either part of the same optical cavity [110, 112]
or belonged to two different cavities [64]. In the present work we are interested in a
physically different setup, where two distant Fabry-Pe´rot cavities each fabricated with
one movable mirror are coupled by an optical fibre. We show that, as a result of a
combination of the optomechanical interaction and an optical-fibre mediated coupling,
the two distant optical and mechanical modes become entangled [56]. Moreover, we
explicitly study two different regimes of physical interest. First we consider a scenario
in which the two cavities are not externally pumped. In this regime the two mechanical
modes are found not to be very strongly entangled. The advantage is however that in
this physical regime an analytical solution describing the state evolution of the two
mirrors can be derived. Thereafter we work in a regime where the coupled cavities are
strongly driven. Here we explicitly derive the relevant quantum Langevin equations
(QLE) and construct the covariance matrix governing the dynamics of all the optical
and mechanical modes.
5.2 Physical setup
We consider a physical setup comprised of two identical Fabry-Pe´rot cavities, each
fabricated with one fixed and one movable mirror, as schematically shown in Fig. 5.1.
We assume that only one resonant mode of each cavity is populated, and that these two
modes are coupled via an optical fibre. The two modes have the same frequency, ω =
2pic/L; where L is the cavity length, and are described by the creation (annihilation)
operators aˆ†(aˆ) and bˆ†(bˆ), respectively. Furthermore, we assume that each movable
mirror has been cooled near to its ground state, so that it is operating in the quantum
regime. Under the action of cavity-photon-induced radiation pressure, the movable
mirrors will oscillate about their equilibrium positions.
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Figure 5.1: Sketch of the physical setup to entangle distant optomechanical modes.
Two optomechanical cavities pumped by classical laser fields are coupled to each other
by an optical fibre. As a result of indirect coupling mediated by the two cavity modes,
the two movable mirrors become entangled. Furthermore, two initially uncorrelated
auxiliary cavity modes interact independently with the two entangled movable mir-
rors, which induces non-local correlations between the two modes. Using standard
homodyne measurement techniques non-local correlations between the two auxiliary
cavity modes can be read out giving an indirect signature of quantum correlations
between the two mirrors.
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If we assume that the two mirrors move distances x and y along the respective cavity
axes, so that the two displacements are much smaller than the wavelength of each
cavity mode in one cavity round-trip time, then scattering of photons to other cavity
modes can be safely neglected [99, 118]. The effective lengths of the cavities will
then become L + x and L + y, with new resonance frequencies ωa = 2pic/(L + x)
and ωb = 2pic/(L + y), where x and y are the instantaneous displacements of the
two cavity mirrors from their equilibrium positions. With the above assumption, i.e.
x/L, y/L  1, the free evolution of the two optical cavity modes in the adiabatic
regime takes the form [118]
Hˆfree = ~ωaaˆ†aˆ+ ~ωbbˆ†bˆ (5.1)
= ~ω
(
1 +
x
L
)−1
aˆ†aˆ+ ~ω
(
1 +
y
L
)−1
bˆ†bˆ
≈ ~ω
(
aˆ†aˆ+ bˆ†bˆ
)
− ~ω
L
aˆ†aˆx− ~ω
L
bˆ†bˆy.
Under the action of a weak radiation-pressure force, each movable mirror undergoes
small-amplitude oscillations with frequency Ω. In the absence of external driving, the
full Hamiltonian of the two coupled cavities thus becomes
Hˆ = Hˆfree +
mΩ2
2
x2 +
p2x
2m
+
mΩ2
2
y2 +
p2y
2m
+ ~λ
(
aˆ†bˆ+ bˆ†aˆ
)
, (5.2)
where λ is the inter-mode coupling between the two cavities 1. This coupling could
be mediated by, e.g., an optical fibre connecting the two distant cavities. Introducing
dimensionless conjugate variables qi and pi for the ith movable mirror, (5.2) can be
rewritten as
Hˆ = ~ω
(
aˆ†aˆ+ bˆ†bˆ
)
+
~Ω
2
(
qˆ1
2 + pˆ1
2
)
+
~Ω
2
(
qˆ2
2 + pˆ2
2
)
+~λ
(
aˆ†bˆ+ bˆ†aˆ
)
− ~g
(
aˆ†aˆqˆ1 + bˆ†bˆqˆ2
)
, (5.3)
1The two distant cavity modes can be alternatively assumed to be coupled through mode overlap
(evanescent coupling) of the two cavity modes and in that case λ will decrease as the spatial distance
between the two cavities increases.
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where g = (ω/L)
√
~/mΩ is the radiation pressure-induced coupling between the
cavity modes and the movable mirrors. The Hamiltonian (5.3) will form the basis for
the analysis in the next section.
5.3 Perturbative expansion
The frequency mismatch between optical (ω/2pi ∼ 1014 Hz) and mechanical (Ω/2pi ∼
106 − 109 Hz) degrees of freedom is enormous [104]. This suggests a separation of
the Hamiltonian (5.3) into two parts, one with very rapidly evolving optical modes
and another with slowly varying mechanical modes. In the limit that the mirror
coordinates qˆ1 and qˆ2 remain stationary with respect to the rapidly evolving cavity
modes aˆ and bˆ, we can diagonalise the interaction between the two cavity modes of
Hamiltonian (5.3).
We first introduce the collective excitation operators Aˆ and Bˆ obeying aˆ
bˆ
 =
 cosθ sinθ
−sinθ cosθ
 Aˆ
Bˆ
 . (5.4)
Choosing tan 2θ = 2λ/(g(q1 − q2)) and substituting for the new field modes, the
rapidly varying optical part of Hamiltonian (5.3) reduces to
Hˆcav = ~
(
ω − g q1 + q2
2
)
(Aˆ†Aˆ+ Bˆ†Bˆ)
−~
√
g2(q1 − q2)2 + 4λ2 (Aˆ
†Aˆ− Bˆ†Bˆ)
2
. (5.5)
The Hamiltonian describing the dynamics of the two movable cavity mirrors thus
takes the form
Hˆmir =
~Ω
2
(
qˆ1
2 + pˆ1
2 + qˆ2
2 + pˆ2
2
)
+ Hˆcav. (5.6)
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The collective wave function of the cavity-mirror coupled system at time t as
|Ψ(t)〉 =
∑
nA,nB
c(nA, nB)|n〉|Φ(n, t)〉. (5.7)
Here, P (nA, nB) = |c(nA, nB)|2 is the probability distribution of the collective cavity
fields, |n〉=|nA, nB〉 denotes the time-independent index of the energy levels of the two
collective cavity modes Aˆ and Bˆ, in the adiabatic limit, in which Aˆ†Aˆ|n〉 = nA|n〉 and
Bˆ†Bˆ|n〉 = nB|n〉, and |Φ(n, t)〉 = e−iHˆmirt/~|Φ(n, 0)〉 denotes the time-evolved wave
function of the two movable mirrors.
Thus the cavity modes can be seen as inducing an effective potential in which the two
mirrors evolve,
Vˆeff = ~
(
ω − g q1 + q2
2
)
(nA + nB)− ~
√
g2(q1 − q2)2 + 4λ2nA − nB
2
. (5.8)
Since we have assumed that the oscillation amplitudes of the movable mirrors are
small, it follows that their relative displacement qˆ1 − qˆ2 is also small. Therefore, it
is sufficient to expand the second term in the cavity Hamiltonian (5.8) to second
(quadratic) order in qˆ1 − qˆ2. This can be justified, since for a typical optomechanical
cavity with optical frequency ω/2pi ∼ 1014 Hz, length L ∼ 1 mm, mirror frequency
Ω/2pi ∼ 106 Hz, and with a zero-point-oscillation amplitude of 0.02 pm, one finds that
g ∼ 104 Hz. With the reasonable estimate λ = 105 Hz one gets (g/2λ)2 ∼ 10−3. This
results in an effective Hamiltonian describing the dynamics of two coupled movable
mirror in absence of any losses,
Hˆmir ≈ ~Ω
2
(
qˆ1
2 + pˆ1
2 + qˆ2
2 + pˆ2
2
)− (nA − nB)~λ g2
8λ2
(qˆ1 − qˆ2)2, (5.9)
where we have dropped all the constant and terms linear in qˆ1 and qˆ2 from the Hamil-
tonian 2. Dynamical properties of entanglement in a model related to the one of
2In the present section we are interested in investigating a possibility of generating non-local
behaviour such as entanglement between distant mechanical oscillators in absence of any external
driving terms in the Hamiltonian. A more careful analysis which also takes into account all the
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equation (5.9) was recently studied for a closed system [119]. Equation (5.9) can be
rewritten in terms of
qˆ1 =
(cˆ† + cˆ)√
2
,
pˆ1 = i
(cˆ† − cˆ)√
2
,
qˆ2 =
(dˆ† + dˆ)√
2
,
pˆ2 = i
(dˆ† − dˆ)√
2
,
such that
Hˆmir = ~Ω
(
cˆ†cˆ+ dˆ†dˆ
)
− (nA − nB)~λ
(
g2
16λ2
)(
cˆ2 + cˆ†2 + 2cˆ†cˆ
)− (nA − nB)~λ(
g2
16λ2
)(
dˆ2 + dˆ†2 + 2dˆ†dˆ
)
+ (nA − nB)~λ
(
g2
8λ2
)(
cˆ+ cˆ†
) (
dˆ+ dˆ†
)
.(5.10)
Introducing center of mass and relative modes,
Cˆ =
cˆ+ dˆ√
2
, Dˆ =
cˆ− dˆ√
2
, (5.11)
equation (5.10) becomes
Hˆmir = ~ΩCˆ†Cˆ + ~(Ω− 4Nλ)Dˆ†Dˆ − 2N~λ
(
Dˆ2 + Dˆ†2
)
, (5.12)
where N = (nA − nB)(g/4λ)2. The Hamiltonian in the above form is known to
generate squeezing in the D-mode [120], which will also be manifested as quantum
correlations between the two mirror oscillations.
After arriving at this simplified form of the Hamiltonian governing the dynamics of
the two movable mirrors, we now provide a fully analytical treatment describing the
linear terms in the Hamiltonian needs further investigation. However in the Section 5.4.3 we shall
provide a full quantum treatment of a physical scenario when the two optical cavities are intensely
driven externally, which results in non-zero steady state entanglement between various optical and
mechanical modes.
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state evolution of the two mirrors. We shall now discuss the unitary dynamics of
the system in Section 5.3.1 and provide a closed-form expression for the time-evolved
mirror operators cˆ(t) and dˆ(t) in the Heisenberg picture. This will allow us to solve
for the dynamics of initially uncoupled movable mirrors for an arbitrary initial state.
5.3.1 Unitary evolution
The Hamiltonian (5.12) describing the dynamics of the two movable mirrors can be
further diagonalised by a Bogoliubov transformation. We define operators Eˆ and Eˆ†
such that  Dˆ†
Dˆ
 =
 u v
v u
 Eˆ†
Eˆ
 , (5.13)
where u2 − v2 = 1. Setting
u2 =
1
2
(
1 +
√
1 +
4M2
1− 4M2
)
,
v2 =
1
2
(
−1 +
√
1 +
4M2
1− 4M2
)
, (5.14)
the Hamiltonian (5.12) reduces to the diagonal form
H˜mir = ~ΩCˆ†Cˆ + 2~ω0Eˆ†Eˆ, (5.15)
where
ω0 =
(Ω− 8λN)Ω
2
√
1− 4M2(Ω− 4λN) ,
M =
2Nλ
Ω− 4Nλ. (5.16)
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We can then straightforwardly solve the equations of motion for the operators Cˆ(t)
and Eˆ(t),
Cˆ(t) = Cˆ(0)eiΩt
Eˆ(t) = Eˆ(0)e−i2ω0t, (5.17)
giving the closed-form expressions for the time evolved operators cˆ(t) and dˆ(t),
cˆ(t) =
1
2
[
F (t)cˆ(0) +G(t)dˆ(0) + 2i sin(2ω0t)uv cˆ
†(0)− 2i sin(2ω0t)uvdˆ †(0)
]
dˆ(t) =
1
2
[
G(t)cˆ(0) + F (t)dˆ(0)− 2i sin(2ω0t)uv cˆ†(0) + 2i sin(2ω0t)uvdˆ †(0)
]
,
where F (t) and G(t) are time-dependent complex functions given by
F (t) = e−iΩt + u2e−i2ω0t − v2ei2ω0t,
G(t) = e−iΩt + v2ei2ω0t − u2e−i2ω0t.
With the solution of the operators cˆ(t) and dˆ(t) now in hand we can faithfully de-
scribe the unitary dynamics of the two movable mirrors for any arbitrary initial state.
Of particular interest are initial Gaussian states including thermal, coherent, and
squeezed states. A Gaussian continuous variable state can be fully described in terms
of a real symmetric covariance matrix V as defined in (2.28). Once we have the
covariance matrix, all the quantum statistical properties of Gaussian continuous vari-
able states can be constructed. Also worth mentioning is the important fact that the
Hamiltonian (5.10) is quadratic in the position and momentum coordinates of the
movable mirrors. An initial Gaussian state of the mirror evolving under (5.10) will
therefore maintain its Gaussian character.
A widely used entanglement measure is the logarithmic negativity, which is an en-
tanglement monotone and fairly easy to compute [121]. For a two-mode Gaussian
continuous variable state characterised by the covariance matrix V, logarithmic neg-
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ativity is defined as
N = Max[0, log(2ν˜−)], (5.18)
where ν˜− is the smallest of the symplectic eigenvalues of the partially transposed
covariance matrix given by
ν˜− =
√
σ/2−
√
(σ2 − 4DetV)/2 (5.19)
and
σ = DetA+ DetB− 2DetC. (5.20)
Here
V =
 A C
CT B
 ,
where A(B) accounts for the local variances of the modes and C for the inter-mode
correlations. We analytically reconstruct the time-dependent covariance matrix, from
which it is then straightforward to compute the logarithmic negativity, with a typi-
cal solution shown in Fig. 5.2. In these calculations, the logarithmic negativity has
been weighted with a coherent state probability distribution for the collective cavity
modes A and B such that P (nA, nB) = exp(−(|αA|2+|αB|2))|αA|2nA|αB|2nB/(nA!nB!).
Such averaging accounts for initial quantum fluctuations in the two cavity modes. A
non-zero value of N quantifies the degree of entanglement between the two movable
mirrors. As can be seen from Fig. 5.2, increasing the initial temperature of the mir-
ror degrades the quantum correlations and eventually leads to completely separable
states of the two mirrors. The figure also gives a clear example of entanglement sud-
den death and birth [122], arising from the common coupling of the mirrors to the
two cavity modes.
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Figure 5.2: Time evolution of the degree of entanglement, as measured by the loga-
rithmic negativity, as a function of initial temperature of the movable mirrors, mea-
sured in terms of n¯thermal. The dimensionless parameters are chosen such that Ω = 1,
g = 10−2, λ = 10−1, αA = 4 and αB = 1. Time is scaled in units of Ω.
5.4 Effect of losses
So far we have not considered the effect of losses in optical and mechanical degrees
of freedom in our proposed scheme to generate distant optomechanical correlations.
In the present section we shall discuss in detail the influence of inevitable coupling
of the system of interest to environmental degrees of freedom. We shall discuss the
effect of losses under different physical scenarios of interest.
5.4.1 Adiabatic elimination of cavity modes
In our proposed scheme to generate distant optomechanical correlations, optical and
mechanical degrees of freedom evolve on very different time scales. In most practical
scenarios, optical degrees of freedom evolves on a very fast time scale and can thus be
adiabatically eliminated. Optical degrees of freedom are thus slaved to the mechanical
degrees of freedom. In the present section we cater our interest to this particular
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regime.
Denoting the two quantized optical modes with creation (destruction) operators aˆ (aˆ†)
and bˆ (bˆ†) respectively. Representing the quantized motion of each movable mirror
by creation (destruction) operators mˆ (mˆ†) and nˆ (nˆ†) respectively, the Hamiltonian
representing the closed system dynamics of the closed system takes the form
H = ω(aˆ†aˆ+ bˆ†bˆ)+Ω(mˆ†mˆ+ nˆ†nˆ)+λ(aˆ†bˆ+ bˆ†aˆ)−gaˆ†aˆ(mˆ+mˆ†)−gbˆ†bˆ(nˆ+ nˆ†). (5.21)
In the interaction picture of the free evolution of the two optical modes, the above
Hamiltonian takes the form
H = Ω(mˆ†mˆ+ nˆ†nˆ) + λ(aˆ†bˆ+ bˆ†aˆ)− gaˆ†aˆ(mˆ+ mˆ†)− gbˆ†bˆ(nˆ+ nˆ†). (5.22)
Heisenberg equations of motion taking into account cavity losses takes the form
d
dt
aˆ = −iλbˆ+ igaˆ(mˆ+ mˆ†)− κaˆ, (5.23)
d
dt
bˆ = −iλaˆ+ igbˆ(nˆ+ nˆ†)− κbˆ, (5.24)
where κ is the identical decay rate of each cavity mode. Adiabatically eliminating the
cavity modes we get
aˆ =
−iλbˆ
κ− ig(mˆ+ mˆ†) (5.25)
bˆ =
−iλaˆ
κ− ig(nˆ+ nˆ†) . (5.26)
Truncating the expressions for the cavity modes aˆ and bˆ only up to linear order in the
small parameter g/κ we get
aˆ =
−iλbˆ
κ
(1 + i
g
κ
(mˆ+ mˆ†)) (5.27)
bˆ =
−iλaˆ
κ
(1 + i
g
κ
(nˆ+ nˆ†)). (5.28)
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We treat the two cavity modes in the semiclassical limit and thus replace the two cavity
mode operators aˆ and bˆ by their coherent state amplitudes αa and αb respectively. In
this limit and in absence of mirror’s losses, the two distant movable mirrors evolve
under the Hamiltonian
H = Ω(mˆ†mˆ+ nˆ†nˆ) + 2
λ3g2
κ4
αaαb(mˆ+ mˆ
†)(nˆ+ nˆ†)
−gα
2
aλ
2
κ2
(1 +
g2
κ2
(mˆ+ mˆ†)2)(mˆ+ mˆ†)− gα
2
bλ
2
κ2
(1 +
g2
κ2
(nˆ+ nˆ†)2)(nˆ+ nˆ†), (5.29)
where for the sake of simplifying the calculations we have assumed that both αa and
αb are real. Further going in the interaction picture of Ω(mˆ
†mˆ+ nˆ†nˆ) and simplifying
the above Hamiltonian under the rotating wave approximation [79] we get
H = η(cˆ†dˆ+ dˆ†cˆ), (5.30)
where η = 2g2λ3/κ4. The above Hamiltonian can be straightforwardly used to de-
scribe the time evolved mechanical modes which takes the form
mˆ(t) = cˆ(0)cos(ηt)− idˆ(0)sin(ηt), (5.31)
nˆ(t) = dˆ(0)cos(ηt)− icˆ(0)sin(ηt). (5.32)
Now it is a straightforward excercise to describe the state evolution of distant mechan-
ical mirrors. For instance, if the two mirrors are are initially prepared in vibrational
states close to their quantum ground states so that initially |Ψ(0)〉 = |1〉m|0〉n, the
time evolved state of the two coupled mirrors evolves |Ψ(t)〉 = cos(ηt)|1〉m|0〉n +
isin(ηt)|0〉m|1〉n. Clearly the time evolved state is an entangled state of the two mov-
able mirrors and as a measure of entanglement between the two movable mirrors we
plot negativity N in Fig. 5.3.
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Figure 5.3: Temporal evolution of the degree of entanglement between two indirectly
coupled movable mirrors as measured by the negativity. Dimensionless parameters
used are chosen such that κ = 1, g = 0.05, λ = 10−1, αa = 10, αb = 10. Time is
scaled in units of κ.
5.4.2 Conditional quantum measurement
In any physical setting, coupling to the environment is inevitable and typically results
in decoherence of the quantum state to its classical counterpart. In the scheme of
interest to us, there can be two main causes of dissipation. One is the photon leakage
through the two cavities, and the other is thermal decay of the states of the movable
mirrors due to their coupling to baths of non-zero temperature.
In the present section we will continue treating the two cavity modes in this semiclas-
sical regime and defer the explicit calculations involving reservoir induced quantum
fluctuations in the cavity modes till the next section. More precisely, we assign co-
herent states for the two cavity modes and introduce cavity losses in terms of a
non-Hermitian Hamiltonian.
In the presence of a conditional quantum measurement of the excitations in modes A
and B that exit into the environment, we introduce cavity losses by shifting the cavity
resonance frequency ω by −iκ where κ is the cavity decay rate. Then, conditional on
seeing no counts at all, the two indirectly coupled movable mirrors evolve according
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to the non-Hermitian Hamiltonian
Hˆdisp ≈ Hˆmir − iκ(nA + nB), (5.33)
where Hˆmir is given by (5.10) and we again have neglected all the driving terms in
the Hamiltonian. Apart from the cavity losses, the two cavity mirrors might undergo
further decoherence due to their inevitable coupling to the external environment. The
time evolution of the mixed state of the two movable mirrors obtained by tracing over
the cavity field distribution takes the form
ρˆmir(t) =
1∑
nA,nB
NnA,nB(t)
∑
nA,nB
NnA,nB(t)ρˆ
(n)
mir(t), (5.34)
where
NnA,nB(t) = exp
(−|αAe−κt|2) |αAe−κt|2nA exp (−|αBe−κt|2) |αBe−κt|2nB/nA!nB!,(5.35)
and ρˆ
(n)
mir(t) is the time-evolved reduced density matrix of the two movable mirrors with
the photon number difference n = nA − nB. It turns out that if both the collective
cavity modes are initially prepared in coherent states, then even when a quantum
jump occurs the initial coherent state of the cavity modes is preserved [123]. This is
because an initial coherent state evolving in a purely dissipative channel remains a
coherent state, although with an exponentially decaying amplitude 3. In presence of no
quantum jump event, the time evolution of ρˆ
(n)
mir(t) in the Born-Markov approximation
is then described by the Lindblad-type master equation [79, 124]
∂
∂t
ρˆ
(n)
mir = −i
[
Hˆmir, ρˆ
(n)
mir
]
+
Γ
2
n¯Lc† ρˆ(n)mir +
Γ
2
n¯Ld† ρˆ(n)mir
+
Γ
2
(n¯+ 1)Lcρˆ(n)mir +
Γ
2
(n¯+ 1)Ldρˆ(n)mir, (5.36)
3This follows from noting that an initial coherent state with amplitude α has the quan-
tum characteristic function χ() = eα
∗−c.c.. Under purely dissipative time evolution χ satisfies
∂χ
∂t = −κ(∗ ∂∂∗ + c.c.)χ, the solution of which is χ() = eα
∗e−κt−c.c..
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where Γ is the decay rate of each movable mirror due to its coupling to a heat bath
with average thermal occupancy n¯, and Lxρˆ(n)mir ≡ 2xˆρˆ(n)mirxˆ† − xˆ†xˆρˆ(n)mir − ρˆ(n)mirxˆ†xˆ. In
terms of the center of mass mode Cˆ and relative mode Dˆ, equation (5.36) can be
equivalently written as
∂
∂t
ρˆ
(n)
mir = −i
[
Hˆmir, ρˆ
(n)
mir
]
+
Γ
2
n¯LC† ρˆ(n)mir +
Γ
2
n¯LD† ρˆ(n)mir
+
Γ
2
(n¯+ 1)LC ρˆ(n)mir +
Γ
2
(n¯+ 1)LDρˆ(n)mir, (5.37)
where Hˆmir is given by (5.12). We again stress that phenomenological introduction of
dissipation is only valid for the case of weakly coupled modes and a careful analysis
of this will be presented in greater detail in chapter 6
To solve the master equation (5.37), we define a normal-ordered quantum characteris-
tic function [79, 124] for the two movable mirrors as χ(, η, t) = 〈eCˆ†e−∗CˆeηDˆ†e−η∗Dˆ〉.
Using standard quantum optical techniques [79, 124], the master equation (5.37) can
be rewritten as a partial differential equation for the quantum characteristic function
χ(, η, t) of the form
∂
∂t
χ(, η, t) = zTM∇χ(, η, t) + 4λzTKzχ(, η, t), (5.38)
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where
zT = (u1, u2, v1, v2),
∇ =
(
∂
∂u1
, ∂
∂u2
, ∂
∂v1
, ∂
∂v2
)T
,
u1 =
c+d+
∗
c+
∗
d
2
√
2
,
u2 =
c+d−∗c−∗d
i2
√
2
,
v1 =
c−d+∗c−∗d
2
√
2
,
v2 =
c−d−∗c+∗d
i2
√
2
,
(5.39)
and
c =
+ η√
2
, d =
− η√
2
. (5.40)
The 4× 4 matrix coefficients of equation (5.38) are
M =
 M1 0
0 M2
 , K =
 K1 0
0 K2
 , (5.41)
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with
M1 =
 −Γ/2 Ω
−Ω −Γ/2
 ,
M2 =
 −Γ/2 Ω− 8Nλ
−Ω −Γ/2
 ,
K1 =
 −Γn¯/4λ 0
0 −Γn¯/4λ
 ,
K2 =
 −Γn¯/4λ N
N −Γn¯/4λ
 .
(5.42)
For an initial Gaussian state of the two movable mirrors, it is consistent to make an
ansatz for the quantum characteristic function of the form
χ(, η, t) = exp
[−zTL(t) z + izT q(t)] , (5.43)
where L(t) is a 4 × 4 time-dependent symmetric matrix and q(t) is a 4 × 1 time-
dependent vector. Using the above ansatz in equation (5.38) results in the coupled
matrix differential equations
L˙ = ML+ LMT − 4λK, (5.44)
q˙ = Mq. (5.45)
Making use of the fact that L is a 4× 4 symmetric matrix, it can be decomposed into
2× 2 square matrices such that
L =
 P Q
QT R
 , (5.46)
where P and R are 2×2 symmetric matrices. Obtaining an explicit form for the time-
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Figure 5.4: Temporal evolution of the degree of entanglement between two indirectly
coupled movable mirrors as measured by the logarithmic negativity. Compared with
Fig. 5.2, here losses in all modes have been considered and the degree of entanglement
is consequently somewhat smaller, but importantly, it survives for a reasonably long
time. Each mirror is initially assumed to be in its ground state and the dimensionless
parameters used are chosen such that Ω = 1, g = 10−2, λ = 10−1, αA = 4, αB = 1,
κ = 10−3, Γ = 10−4 and n¯ = 0. Time is scaled in units of Ω.
dependent quantum characteristic function χ(, η, t) now reduces to solving 2 × 2
coupled matrix differential equations.
Although an exact analytical solution can be arrived at, it is not very illuminating.
Nonetheless, the time-dependent covariance matrix V can be fully reconstructed from
the quantum characteristic function χ(, η, t). This can be easily seen by noting that
from the quantum characteristic function one can obtain the expectation values of
quantum mechanical observables, e.g., 〈cˆ†m(t)dˆ †n(t)〉 = ( ∂
∂c
)m( ∂
∂d
)nχ(c, d , t)|c=0,d=0
and thus all the elements of the covariance matrix can be found.
As a measure of entanglement between the distant cavity mirrors we again compute
the logarithmic negativity. The result of such a calculation is shown in Fig. 5.4. As is
clear from the figure, under the action of cavity-mediated coupling, the two movable
mirrors exhibit entanglement. Although the entanglement generated is not too large,
it is sustained over a reasonably long timescale. The degree of inseparability between
the two mirrors can be improved significantly either by a conditional measurement of
the cavity field or by increasing the difference in the mean number of photons in the
field distributions of the two cavity modes. Thus we conclude that the aforementioned
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protocol is indeed capable of generating quantum entangled states of two movable
mirrors, which are robust with respect to dissipation for a long time. It should be
pointed out that the logarithmic negativity approaches zero exponentially for large
times due to the decay of photons out of the cavities. In order to have sustainable
non-vanishing entanglement, the photon modes must be driven externally to prevent
the absence of photons. This will be discussed in the next section of this chapter.
5.4.3 Quantum Langevin approach
The radiation pressure coupling for an undriven cavity with a movable mirror is
usually very weak. This problem can be circumvented by driving the cavity with a
coherent classical laser field. Driving with an intense laser field enhances the radiation
pressure coupling and thus facilitates the observation of non-classical phenomena such
as entanglement between mechanical oscillators and light.
In the previous section, cavity driving was not taken into account. Instead the two
cavity fields were assumed to be initially in coherent states and the system time-
evolution in the presence of the decay of the two cavity fields was studied. In what
follows, we shall instead study the situation of cavity driving and show that robust
steady state entanglement may exist between different optical and mechanical modes.
To this end, we find it more convenient to work in the Heisenberg picture. For
our system of two coupled cavities with movable mirrors, the Hamiltonian in the
interaction picture of the two driving lasers with identical frequency ωL now takes the
form
Hˆ
~
= (ω − ωL)(aˆ†aˆ+ bˆ†bˆ) + Ω
2
(qˆ21 + pˆ1
2) +
Ω
2
(qˆ22 + pˆ
2
2)
+λ(aˆ†bˆ+ bˆ†aˆ)− gaˆ†aˆqˆ1 − gbˆ†bˆqˆ2 + iη(aˆ† − aˆ) + iη(bˆ† − bˆ). (5.47)
Here η =
√
2Pcκ/~ωc is related to the driving laser, where Pc is the power of the
driving laser and κ is the damping rate, identical for both cavities.
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The Hamiltonian (5.47) describes the closed-system dynamics of the two driven cou-
pled cavities with movable mirrors. However, as discussed in the previous section,
the dynamics of the system is also affected by damping and noise. The main chan-
nels of dissipation in our system are the decay in the cavity modes and the coupling
of the movable mirrors to their independent thermal baths4. One possible way to
take into account all the damping and noise processes is to use quantum Langevin
equations (QLEs). The QLEs are equivalent to the Heisenberg equations of motion
for time-evolving operators, where noise and dissipative processes have been included
phenomenologically [124].
For the Hamiltonian (5.47), the QLEs for the cavity and the mirror modes become
daˆ
dt
= −iλbˆ+ igqˆ1aˆ+ η − (κ+ i∆˜)aˆ+
√
2κaˆin,
dbˆ
dt
= −iλaˆ+ igqˆ2bˆ+ η − (κ+ i∆˜)bˆ+
√
2κbˆin,
dpˆ1
dt
= −Ωqˆ1 + gaˆ†aˆ− γmpˆ1 + εˆ1(t),
dpˆ2
dt
= −Ωqˆ2 + gbˆ†bˆ− γmpˆ2 + εˆ2(t),
dqˆ1
dt
= Ωpˆ1,
dqˆ2
dt
= Ωpˆ2,
(5.48)
where ∆˜ = ω − ωL is the laser detuning from the cavity resonance frequency ω, κ
is the decay rate of each cavity and γm is the thermal decay rate, identical for the
two movable mirrors subject to independent Brownian motion noise characterised by
the operators εˆ1(t) and εˆ2(t) respectively. The quantum noise operators have the
4Assuming independent baths implies neglecting any reservoir-induced correlations, which is sup-
posed to be justified in the present setup of spatially separated oscillators.
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quantum statistical properties
〈εˆ1(t)〉 = 〈εˆ2(t)〉 = 0, (5.49)
〈εˆi(t)εˆj(t′)〉 = γm
Ω
∫
e−iω
′
(t−t′ )ω
′ ×
[
1 + coth
(
~ω′
kBTi
)]
dω
′
2pi
δij,
where i, j ∈ 1, 2 and δij is the Kronecker delta. We have also introduced independent
cavity input noise operators, aˆin(t) and bˆin(t) for the first and second cavity respec-
tively. For the case of optical fields, ~ω/kBT  1, and hence the mean number of
thermal photons can be safely neglected. In this limit the noise operators aˆin(t) and
bˆin(t) satisfy the two-time correlations
〈aˆin(t)aˆ†in(t′)〉 = δ(t− t′),
〈aˆ†in(t)aˆin(t′)〉 = 0,
〈bˆin(t)bˆ†in(t′)〉 = δ(t− t′),
〈bˆ†in(t)bˆin(t′)〉 = 0.
(5.50)
In the present chapter we are interested in investigating a novel possibility of achieving
steady-state entanglement between distant optical and mechanical modes. To pursue
this aim we have to solve the above set of coupled nonlinear QLEs (5.48). This task
is difficult in general, but it is simplified in the presence of strong external driving,
in which case linearisation of the above set of QLEs around the steady-state values is
justified. Solving the set of QLEs (5.48) for the steady-state amplitudes of the optical
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and mechanical modes, we get
〈qs1〉 = g|〈as〉|
2
Ω
,
〈qs2〉 = g|〈bs〉|
2
Ω
,
〈ps1〉 = 0,
〈ps2〉 = 0,
〈as〉 = −iλη+η(κ+i∆b)λ2+κ2+iκ(∆a+∆b)−∆a∆b ,
〈bs〉 = −iλη+η(κ+i∆a)λ2+κ2+iκ(∆a+∆b)−∆a∆b ,
∆a = ∆˜− g〈q1〉s = ω − ωL − g〈qs1〉,
∆b = ∆˜− g〈q2〉s = ω − ωL − g〈qs2〉.
(5.51)
In the regime where the two cavities are very intensely driven, such that |〈as〉|, |〈bs〉| 
1, and by expanding the mechanical and optical mode operators as quantum fluctua-
tions around their steady state values (aˆ = 〈as〉+ δaˆ, bˆ = 〈bs〉+ δbˆ, qˆi = 〈qsi 〉+ δqˆi and
pˆi = 〈psi 〉+ δpˆi for i = 1, 2) we obtain the following linearised QLEs for the quantum
116
CHAPTER 5. OPTOMECHANICS: A NEW PARADIGM
fluctuations,
dδaˆ
dt
= −δaˆ(κ+ i∆a)− iλδbˆ+ ig〈as〉δxˆ+
√
2κaˆin,
dδbˆ
dt
= −δbˆ(κ+ i∆b)− iλδaˆ+ ig〈bs〉δyˆ +
√
2κbˆin,
dδqˆ1
dt
= Ωδpˆ1,
dδqˆ2
dt
= Ωδpˆ2,
dδpˆ1
dt
= −Ωδqˆ1 + g
(|〈as〉|2 + 〈as〉∗δaˆ+ 〈as〉δaˆ†) ,
dδpˆ2
dt
= −Ωδqˆ2 + g
(
|〈bs〉|2 + 〈bs〉∗δbˆ+ 〈bs〉δbˆ†
)
.
(5.52)
By further introducing the position and momentum quadratures for the two cavity
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modes and their input noises,
dδXˆa
dt
= d(δaˆ
†+δaˆ)
dt
,
dδPˆa
dt
= id(δaˆ
†−δaˆ)
dt
,
dδXˆb
dt
= d(δbˆ
†+δbˆ)
dt
,
dδPˆb
dt
= id(δbˆ
†−δbˆ)
dt
,
dδXˆain
dt
=
d(δaˆ†in+δaˆin)
dt
,
dδPˆain
dt
= i
d(δaˆ†in−δaˆin)
dt
,
dδXˆbin
dt
=
d(δbˆ†in+δbˆin)
dt
,
dδXˆbin
dt
= i
d(δbˆ†in−δbˆin)
dt
,
(5.53)
we can rewrite equation (5.52) in the following compact form
dR
dt
= ZR +N, (5.54)
where
RT = (δqˆ1, δpˆ1, δqˆ2, δpˆ2, δXˆa, δPˆa, δXˆb, δPˆb),
NT = (0, 1(t), 0, 2(t),
√
2κδXˆain(t),
√
2κδPˆ ain(t),
√
2κδXˆbin(t),
√
2κδPˆ bin(t)),
Z =
 Z1 Z2
Z2 Z3
 ,
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and with the 4× 4 matrices
Z1 =

0 Ω 0 0
−Ω −γm 0 0
0 0 0 Ω
0 0 −Ω −γm
 , (5.55)
Z2 =

0 0 0 0
gsa 0 0 0
0 0 0 0
0 0 gsb 0
 , (5.56)
Z3 =

−κ ∆a 0 λ
−∆a −κ −λ 0
0 λ −κ ∆b
−λ 0 −∆b −κ
 . (5.57)
The phase reference has been chosen such that 〈as〉 and 〈bs〉 are real with gsa =
√
2g〈as〉
and gsb =
√
2g〈bs〉. In equation (5.54), Z is the drift matrix. Stability (in the steady
state) demands that the real part of all the eigenvalues of Z must be negative. We
have chosen all the physical parameters such that the system is stable in the steady
state.
The dynamics of the coupled cavities with movable mirrors is governed by the first
order matrix differential equation (5.54). For an initial Gaussian state of the two
cavities and their movable mirrors it is sufficient to fully characterise all the quantum
correlations by explicitly evaluating the 8× 8 symmetric covariance matrix V where
Vi,j(t) = (〈Ri(t)Rj(t) + Rj(t)Ri(t)〉)/2. If the system is stable in the steady state,
then the covariance matrix takes the form
Vi,j =
∑
p,q
∫ ∞
0
ds
∫ ∞
0
ds′Wi,p(s)Wj,q(s′)Φp,q(s− s′), (5.58)
where W = exp(Zs) and Φp,q(s−s′) = (〈Np(s)Nq(s′) +Nq(s′)Np(s)〉)/2 is the steady-
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Figure 5.5: Logarithmic negativity as a measure of entanglement between (a) two
distant cavity mirrors, (b) a mirror and adjacent cavity mode, and (c) a mirror and
distant cavity mode, plotted as a function of detuning ∆ and average thermal oc-
cupancy of the two mirrors n¯1 = n¯2 = n¯. We have chosen the different physical
parameters such that Ω = 1, gsa = g
s
b = 2.5, λ = 20, κ = 0.08, γm = 0.01, and
∆a = ∆b = ∆.
120
CHAPTER 5. OPTOMECHANICS: A NEW PARADIGM
state noise correlation matrix. It turns out that in the regime where the mechanical
oscillators possess very high Q-values, the quantum Brownian noise becomes approx-
imately δ-correlated and in this limit the noise correlation matrix takes the form
Φp,q(s− s′) = N˜p,qδ(s− s′),
= Diag[0, γm(2n¯1 + 1)), 0, γm(2n¯2 + 1), κ, κ, κ, κ]δ(s− s′), (5.59)
with n¯1 =
[
e(~Ω/kBT1) − 1]−1 and n¯2 = [e(~Ω/kBT2) − 1]−1. In this limit equation (5.58)
simplifies to
V =
∫ ∞
0
dsW(s)N˜WT (s). (5.60)
When the system of coupled optomechanical cavities is stable in the steady state, the
covariance matrix V satisfies a Lyapunov equation [133]
ZV+VZT = −N˜. (5.61)
Once again, when we have the solution for the covariance matrix, we can compute vari-
ous non-classical correlations between the optical and mechanical degrees of freedom.
In particular, the degree of entanglement between different optical and mechanical
modes can be evaluated by computing the logarithmic negativity as defined in (5.18).
We numerically solve equation (5.61) for the covariance matrix V. An example of the
numerically calculated logarithmic negativity between various optical and mechanical
modes is presented in Fig. 5.5.
For evaluating the entanglement between various optical and mechanical modes we
have chosen physical parameters accessible in present experiments. Not surprisingly,
the steady-state entanglement is susceptible to thermal fluctuations of the environ-
ment. A high temperature of the surrounding reservoirs will result in a completely
separable state of the optical and mechanical modes. One should note that the en-
tanglement generated between optical and mechanical modes in the steady state is
not very large, but, it does not require any quantum resources, such as additionally
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driving the two cavities with squeezed light [64, 110].
Also, it is worth pointing out that with our particular choice of parameters we find
that an appreciable entanglement appears between various optical and mechanical
modes only when we operate far away from the regime of the red (∆ = Ω) or blue
(∆ = −Ω) sideband. Although operating in the blue sideband regime is commonly
considered ideal for generating entanglement between various optical and mechanical
modes, the condition that the steady state should be stable puts serious restrictions
on the coupling strength between the mechanical and optical modes [134, 135].
A challenging aspect of any scheme involving entanglement generation between macro-
scopic mechanical systems is the actual experimental detection of entanglement. There
are however some recent promising proposals to create and detect quantum correla-
tions in optomechanical settings [64, 65]. Since it is comparatively easy to detect
quantum correlations between optical modes, compared to directly detecting quan-
tum entanglement between mechanical modes, the essence of these proposals is to
swap the nonlocal correlations from the mechanical modes back to the optical modes.
As shown in Fig. 5.1 this can, for instance, be implemented using two auxiliary light
modes, each initially prepared in classical uncorrelated states. These auxiliary modes
can be two modes of distant cavities, and the geometry so arranged that each entan-
gled mirror couples independently to the two modes. The non-local correlations may
then be transferred from the movable mirrors to the initially uncorrelated auxiliary
modes, which may eventually become entangled. Thus, using standard homodyne
measurement techniques, the entire correlation matrix of the two optical auxiliary
modes can be reconstructed. A presence of non-zero quantum correlations between
these optical modes will be an indirect signature of non-zero quantum correlations
between the mechanical modes.
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5.5 Conclusions
In this chapter we have discussed how to generate non-local quantum correlations be-
tween optical and mechanical modes of two spatially separated cavities. Each cavity is
assumed to have one fixed and one movable mirror and the two cavities are coupled by
an optical fibre. Under the Born-Oppenheimer approximation, relying on separating
the dynamics into a fast optical timescale and a slow mechanical timescale, we have
analytically worked out the dynamics of the two coupled movable mirrors. Further-
more, within this adiabatic regime, we have also presented a full analytical solution
of the master equation governing the open-system dynamics of the two mirrors. We
found that the interaction mediated via two optical modes entangles the two distant
mirrors. Cavity losses were taken into account in an effective non-Hermitian model,
and mirror entanglement was found to be fairly robust against such dissipation.
Using a complementary model, we have also studied the two coupled cavities using the
quantum Langevin formalism, by explicitly solving the resulting equations of motion.
In the presence of strong driving laser fields we have found that the two coupled
cavities exhibit nonlocal quantum correlations between distant optical and mechanical
modes. In particular, these optical and mechanical modes exhibit entanglement in the
steady state and at finite temperatures. This opens up an interesting possibility to
study spatially separated massive Schro¨dinger cat states.
Of course the biggest challenge in ascertaining any massive quantum superposition
lies in the actual detection of non-local quantum correlations. Optomechanics pro-
vides us with an alternative for detecting the quantum correlations generated between
the mechanical modes by using a state transfer of the mechanical modes to initially
uncorrelated auxiliary(optical) modes. Another major hindrance in achieving bigger
and bigger quantum superpositions is the inevitable thermal decay of the mechani-
cal modes. Thus the need of the hour is to engineer novel topologies of mechanical
systems to minimise their contacts with the external environment. In this direction,
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a recent interesting proposal aiming at creating massive quantum superposition of a
levitating dielectric sphere is a promising one [136].
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STRONGLY COUPLED HARMONIC OSCILLATORS
6.1 Introduction
Entanglement is one of the strangest features of quantum mechanics, and is also a
useful resource for quantum information processing [34, 137]. Superposition states, in-
cluding entangled states, are however extremely sensitive to environmental noise and
dissipation. Decoherence induced by an environment commonly reduces quantum
coherent superpositions to incoherent mixtures [138], somewhat counter-intuitively,
decoherence can also be used to generate entanglement [80, 81, 139]. These schemes
typically employ few-level quantum systems coupled to harmonic oscillators, for ex-
ample atoms coupled to cavity fields.
Apart from entanglement in finite-dimensional discrete systems, attention has also
been devoted to entanglement in continuous variable systems [121]. Two-mode Gaus-
sian entangled states are a useful resource for many quantum information processing
tasks [53]. There are also proposals to generate entangled states of micro- or nanome-
chanical oscillators with infinite dimensional Hilbert spaces [15, 40, 140].
One may now ask whether schemes that take advantage of dissipation to prepare
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entangled states, similar to those in [80, 81, 139], could be used to generate entan-
glement among coupled harmonic oscillators initially prepared in classical separable
Gaussian states, such as vacuum, coherent or thermal states. Such a scheme could
then be applied e.g. to micro- or nanomechanical oscillators coupled to cavity fields.
At first sight it would seem that it is not possible to generate entanglement from clas-
sical initial states unless few-level quantum systems are included in a cavity QED-like
setting. This is because if any number of harmonic oscillator modes are coupled us-
ing linear optics, then an initial classical state, with a positive P -function, always
remains classical [87]. As long as decoherence and noise can be modelled through
passive coupling to additional harmonic oscillator modes, this fact does not change
[124].
The analogy with linear optics, however, relies on making the rotating-wave approx-
imation (RWA) in modelling the interactions between coupled bosonic modes. The
RWA can profoundly affect entanglement properties of a system; in the RWA, the
ground state of a chain of harmonic oscillators is separable, while if the RWA is not
made, it is entangled [41]. In the present chapter we will show that if the RWA is
not made, then entanglement between coupled quantum harmonic oscillators, initially
prepared in classical separable Gaussian states, may indeed arise. We will show that
modelling the interaction between the oscillators beyond the RWA can significantly
affect the dynamics of the coupled system. More generally, if the RWA is not made for
linearly coupled oscillators, then generic squeezing interactions remain and the cou-
pling is no longer passive. In this case entanglement between the oscillators, initially
prepared in classical separable states, may indeed arise.
The unitary evolution of linearly coupled harmonic oscillators with interactions mod-
elled beyond the RWA can be described analytically, but a complete picture of the
dynamics should also take into account the irreversible system-environment coupling.
The role of counter-rotating terms in describing the dynamics of coupled oscillators is
not only limited to generate quantum correlations between them, but as it turns out,
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they are also decisive in governing the dissipative state evolution of the oscillators
and thus characterising their steady state behaviour.
In this chapter we investigate the Markovian evolution of strongly coupled harmonic
oscillators. We provide an explicit derivation of the master equation for two strongly
coupled harmonic oscillators which are subject to individual heat baths modelled
by a collection of harmonic oscillators. We compare the results with the evolution
obtained by phenomenologically introducing dissipation using local Lindblad terms
for each individual oscillator, and discuss the validity of such a model. The difference
in the above two approaches may seem innocuous, but will in fact result in different
steady state solutions, which may give rise to non-trivial differences in ground state
properties especially as far as correlations between the oscillators are concerned.
6.2 Local Lindblad type dissipation
We shall limit our attention to a simpler yet interesting system of two coupled har-
monic oscillators interacting under two different physical settings. Firstly we shall
embark on a study of two indirectly coupled harmonic oscillators where the indirect
interactions are mediated via a third oscillator and then we move on to study an-
other scenario when the two oscillators are directly coupled with bilinear interactions.
While the physics of two directly coupled oscillators may be a little simpler to com-
prehend, the entanglement properties under dissipation are complicated by the fact
that the ground state of a harmonic chain has nearest-neighbour entanglement [140].
This ground state has non-zero bipartite entanglement only for nearest neighbours.
The next-to-nearest neighbours are always separable in the ground state. This moti-
vates us to explore in somewhat more detail the interaction between coupled harmonic
oscillators interacting under these two different physical settings. We shall study in
detail both scenarios when the interaction between the oscillators are modelled with
or without making the RWA. We shall first consider a case when the two coupled
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oscillators are interacting with their local environments and dissipative dynamics is
then modelled by adding local Lindblad operators for each individual oscillator. We
will show that adding such local Lindblad terms to the master equation must be care-
fully justified, and may in fact lead to incorrect dynamics for the most common heat
bath model based on a collection of harmonic oscillators.
6.2.1 Indirectly coupled harmonic oscillators interact-
ing using the rotating wave approximation
As stated above, the ground state of a harmonic chain has non-zero bipartite en-
tanglement only for nearest neighbours. The next-to-nearest neighbours are always
separable in the ground state. So in order to see any genuine non-trivial effect of dis-
sipation on the entanglement properties of coupled harmonic oscillators, we shall first
embark on a study of an open chain of three coupled harmonic oscillators followed by
an investigation of a physical system of two directly coupled harmonic oscillators.
As argued before, an initial classical Gaussian state of coupled harmonic oscillators,
with interactions modelled under the RWA, will always remain separable. This result
still applies in the presence of decoherence and noise as long as the system-reservoir
coupling can be modelled via passive coupling to additional harmonic oscillator modes.
Essentially, what one has, both in the presence and absence of dissipation, is equivalent
to a linear optical network involving only beam splitters and phase shifters, which
cannot generate any entanglement starting from classical states [87]. In what follows,
we briefly discuss the dynamics of coupled harmonic oscillators when the interaction
Hamiltonian is modelled under the RWA.
We consider an open chain of three coupled harmonic oscillators with quantised modes
labelled a, b and c respectively. The time evolution is governed by the Hamiltonian
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(with ~ = 1)
Hˆ = ω(aˆ†aˆ+ bˆ†bˆ+ cˆ†cˆ) + κ(cˆ† + cˆ)(aˆ† + aˆ+ bˆ† + bˆ), (6.1)
where ω is the resonance frequency of each oscillator and κ is the inter-mode coupling
strength. In the interaction picture of the free evolution of the three coupled harmonic
oscillators of Hamiltonian (6.1), and if κ  ω, we can make use of the RWA and
further simplify the Hamiltonian (6.1). Doing so results in the simplified Hamiltonian
HˆRWA = κcˆ
†(aˆ+ bˆ) + h.c.. (6.2)
The Hamiltonian in equation (6.2) conserves the total number of excitations and thus
can be exactly solved analytically. It is thus straightforward to show that modes aˆ(t),
bˆ(t) and cˆ(t) evolves as
aˆ(t) = aˆ(0)( cos(
√
2κt)+1
2
) + bˆ(0)( cos(
√
2κt)−1
2
)− i cˆ(0)
2
sin(
√
2κt),
bˆ(t) = bˆ(0)( cos(
√
2κt)+1
2
) + aˆ(0)( cos(
√
2κt)−1
2
)− i cˆ(0)
2
sin(
√
2κt),
cˆ(t) = cˆ(0)cos(
√
2κt)− i 1√
2
sin(
√
2κt)(aˆ(0) + bˆ(0)).
(6.3)
It is worth pointing out that the Hamiltonian (6.2) is analogous to a beam splitter
interaction Hamiltonian in quantum optics. This is an interesting observation since
this allows us to conclude that harmonic oscillators initially prepared in classical
Gaussian states and coupled under linear and passive coupling, will never become
entangled [87].
This argument can be extended to the case when the oscillators are coupled to in-
dependent heat baths. This follows by noting that if dissipation of each individual
mode is characterised by adding local Lindblad operator for each individual mode,
then the dynamics of two coupled harmonic oscillators is governed by the following
master equation
d
dt
ρˆ = −i[H ′, ρˆ] +
∑
x=a,b
γLxρˆ+ Γ(n¯+ 1)Lcρˆ+ Γn¯Lc† ρˆ, (6.4)
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where H ′ is given by (6.2), Lxρˆ ≡ 2xˆρˆxˆ†−xˆ†xˆρˆ−ρˆxˆ†xˆ, and Lx† ρˆ ≡ 2xˆ†ρˆxˆ−xˆxˆ†ρˆ−ρˆxˆxˆ†.
For the sake of simplicity, we have assumed that the two end oscillators are coupled
to their local zero temperature baths with equal strength γ and the middle oscillator
is coupled with strength Γ to a bath with average thermal occupancy n¯.
One way to solve the master equation (6.4) is to rewrite it in terms of a partial
differential equation for the quantum characteristic function [79]. For the case of
three coupled harmonic oscillators, we define a normal ordered characteristic function
χ(, η, w) = 〈erˆ†e−∗rˆeηcˆ†e−η∗cˆewsˆ†e−w∗sˆ〉, where rˆ = (aˆ + bˆ)/√2 and sˆ = (aˆ − bˆ)/√2.
We note that mode sˆ† remains decoupled from the evolution, i.e. [H ′, sˆ†] = 0. This is
not surprising since sˆ† is the generator of dark states of the two oscillators [40, 80, 81].
Dark states are examples of decoherence free subspaces and have been used extensively
in the context of quantum correlations which are subject to decoherence [40, 80, 81].
For the sake of simplicity we will analyse the case where γ = 0, which is reasonable
since passive coupling of the two end oscillators to their independent baths is not
expected to induce entanglement between them. However, what might lead to some
more interesting features between coupled harmonic oscillators is instead a nonzero
Γ. Moreover studying this special case gives us a recipe to generate a mixture of
entangled states. The partial differential equation for χ(, η, w, t) is then given by
∂
∂t
χ(, η, w, t) = vTJ∇χ(, η, w, t)− vTKvχ(, η, w, t), (6.5)
where vT = (η, η∗, , ∗), ∇ = ( ∂
∂η
, ∂
∂η∗ ,
∂
∂
, ∂
∂∗ )
T and
K =
 0 0
0 bX
 , J =
 0 iZ
iZ −aI
 . (6.6)
Here X and Z are the 2 × 2 Pauli matrices, 0 the 2 × 2 null matrix, a = Γ/(2√2κ)
and b = n¯Γ/(2
√
2κ) .
To solve the partial differential equation (6.5) for an initial Gaussian state of each
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coupled oscillator, we make an ansatz of the form χ(, η, w) = f(w)e−v
TAv where A is
a 4× 4 time-dependent symmetric matrix. Using this ansatz it easily follows that
∂
∂t
χ(, η, w, t) = −vT dA
dt
vχ(, η, w, t) (6.7)
and
∇χ(, η, w, t) = −2Azχ(, η, w, t). (6.8)
Thus (6.5) takes the form
vT
dA
dt
v = 2vTJAv + vTKv. (6.9)
Since A is a symmetric matrix (6.9) reduces to
dA
dt
= JA+AJ+K. (6.10)
We can write A in terms of 2× 2 square matrices P,Q and R such that
A =
 P R
RT Q
 . (6.11)
The evaluation of the characteristic function now reduces to solving the following
coupled matrix differential equations
P˙ = i(RZ+ ZRT ), (6.12)
R˙ = i(PZ+ ZQ)− aR,
Q˙ = i(ZR+RTZ)− 2aQ+ bX.
Although an exact analytical solution for the above coupled matrix differential equa-
tions can be obtained, it is rather lengthy and not very illuminating. However, the
solution is greatly simplified if one considers the steady state solution only. For the
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equilibrium state P˙, R˙ and Q˙ must vanish. It then easily follows that
P =
b
2a
X (6.13)
Q =
b
2a
X
R = 0.
In the steady state the quantum characteristic function takes the form
χ(, η, w) = f(w)e−n¯(||
2+|η|2), (6.14)
where f(w) is determined by the particular initial state of the coupled harmonic
oscillators.
In particular, if the end oscillators are prepared in thermal states with mean phonon
occupancy n¯′ and the mediating oscillator is prepared in its ground state, then the
corresponding quantum characteristic function is
χ(, η, w) = Tr(erˆ
†
e−
∗rˆeηcˆ
†
e−η
∗cˆewsˆ
†
e−w
∗sˆ
∞∑
n,m=0
P (n)P (m)|n〉〈n|a|m〉〈m|b ⊗ |0〉〈0|c)
= Tr(
∞∑
n=0
P (n)|n〉〈n|aeaaˆ†e−∗aaˆ)⊗ Tr(
∞∑
m=0
P (m)|m〉〈m|bebbˆ†e−∗b bˆ)⊗
Tr(|0〉〈0|ceηcˆ†e−η∗cˆ)χ(, η, w)
= e−n¯
′(||2+|w|2),
where P (n) = n¯′n/(n¯′ + 1)n+1 and P (m) = n¯′m/(n¯′ + 1)m+1. As noted above, the
sˆ mode remains decoupled from the dissipative evolution of the three oscillators and
thus f(w) will maintain its initial value. The steady state for an initial thermal state
therefore takes the form
χ(, η, w, t→∞) = e−n¯′(|w|2)e−n¯(||2+|η|2). (6.15)
For the case of three coupled harmonic oscillators, a dark state is a state for which
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excitations are shared only between the two end oscillators. When γ = 0, this state
is immune to dissipation in the middle oscillator and thus called a dark state. For
instance, in a subspace with n excitations, the dark state of the two end oscillators
with modes a and b is of the form
|Ψdark〉 = (sˆ
†)n√
n!
|0〉a|0〉b|0〉c. (6.16)
In the limit n¯→ 0, the steady state (6.15) corresponds to a thermal mixture of dark
states. This can be seen by noting that a thermal mixture of dark states can be
written as
ˆ˜ρ =
∞∑
n=0
n¯′n
(n¯′ + 1)n+1
|Ψdark〉〈Ψdark| ⊗ |0c〉〈0c|, (6.17)
where |Ψdark〉 is given by (6.16). The individual dark states are the entangled states
of the two oscillators a and b and exist in subspaces with different excitations. For a
thermal mixture of dark states the quantum characteristic function takes the form
χ(, η, w) =
∞∑
n=0
n¯′n
(n¯′ + 1)n+1
1
n!
e(||
2+|η|2+|w|2)〈0a|〈0b|〈0c|(sˆ)nζ˜(, η, w)(sˆ†)n|0a〉|0b〉|0c〉, (6.18)
where ζ˜(, η, w) = e−
∗rˆerˆ
†
e−η
∗cˆeηcˆ
†
e−w
∗sˆewsˆ
†
. Making use of the fact that sˆ(sˆ†) com-
mutes with the operators rˆ†(rˆ) and cˆ†(cˆ), equation (6.18) can be rewritten as
χ(, η, w) =
∞∑
p=0
n¯′p
(n¯′ + 1)p+1
1
p!
(− ∂
∂w∗
)p(
∂
∂w
)p〈0a|〈0b|〈0c|e−∗rˆerˆ†e−η∗cˆeηcˆ†e−w∗sˆewsˆ†
|0a〉|0b〉|0c〉e(||2+|η|2+|w|2). (6.19)
Using the relation 〈0c|e−ηcˆeηcˆ†|0c〉 = e−|η|2 , equation (6.19) simplifies to
χ(, η, w) =
∞∑
n=0
n¯′n
(n¯′ + 1)n+1
1
n!
(− ∂
∂w∗
)n(
∂
∂w
)n〈0a|〈0b|e−∗rˆerˆ†e−w∗sˆewsˆ†|0a〉|0b〉e(||2+|w|2).
After some manipulations, the above equation can be further simplified to
χ(, η, w) =
∞∑
n=0
n¯′n
(n¯′ + 1)n+1
Ln(|w|2), (6.20)
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where Ln(|w|2) is the Laguerre polynomial of order n. By making use of the identity
exz/(z−1)=(1 − z)∑∞n=0 znLn(x) the characteristic function (6.20) takes the compact
form
χ(, η, w) = e−n¯
′|w|2 . (6.21)
Thus it follows that if n¯→ 0 then equation (6.15) reduces to equation (6.21). Hence we
conclude that the steady state of two indirectly coupled harmonic oscillators, initially
prepared in thermal states and evolving under (6.4) (with γ = 0), generates a thermal
mixture of dark states. Each dark state is an individually entangled state of the two
oscillators existing in subspaces with different excitations.
To check if any non-classical correlations are present in the steady state (6.21), we
will compute the Glauber-Sudarshan P representation or the P -function [124]. Any
two-mode state represented by a density operator ρˆ can be written in terms of a
two-mode P function P (α, β) as ρˆ =
∫
d2αd2βP (α, β)|α〉〈α| ⊗ |β〉〈β|. For a classical
state, the P function is positive. If P (α, β) is not a probability distribution, the state
ceases to be classical and a quantum description is required. Negativity of the P
function is a signature of non-classical correlations in the system [141]. For the state
described by the quantum characteristic function (6.21), the following two-mode P
function representation exists
P (α, β) =
2
pin¯′
δ(αi + βi)δ(αr + βr)e
− 2
n¯′ |β|2 , (6.22)
where αr(βr) and αi(βi) are the real and imaginary parts of α(β) respectively. The
non-negativity of P (α, β) implies that the state described by (6.21) is classical. It
exemplifies that a mixture of individually entangled states is not always necessarily
entangled, which is somewhat counter-intuitive, since the individually entangled states
in the mixture all live in mutually orthogonal parts of the Hilbert space. On the
other hand, the result is analogous to the fact that even though a number state is
nonclassical, a mixture of number states need not be non-classical (it can e.g. be a
coherent state or a thermal state). However, we have found that a finite mixture of
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dark states does exhibit non-classical features.
Through a similar calculation we have confirmed that if the RWA is made and the
two end oscillators are initially prepared in coherent states, then the steady state is
classical. To characterise entanglement in a two-mode Gaussian continuous variable
state, there exists a necessary and sufficient criteria for inseparability [142]. A two-
mode Gaussian continuous variable state is completely described by the first and
second order moments only, and is inseparable iff
d =
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1 〈aˆ〉 〈aˆ†〉 〈bˆ†〉 〈bˆ〉
〈aˆ†〉 〈aˆ†aˆ〉 〈aˆ†2〉 〈aˆ†bˆ†〉 〈aˆ†bˆ〉
〈aˆ〉 〈aˆ2〉 〈aˆaˆ†〉 〈aˆbˆ†〉 〈aˆbˆ〉
〈bˆ〉 〈aˆbˆ〉 〈aˆ†bˆ〉 〈bˆ†bˆ〉 〈bˆ2〉
〈bˆ†〉 〈aˆbˆ†〉 〈aˆ†b†〉 〈bˆ†2〉 〈bˆbˆ†〉
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
< 0. (6.23)
Through a numerical evaluation of the determinant (6.23), we have verified that the
time-evolved state of passively coupled harmonic oscillators initially prepared in two-
mode classical Gaussian states, always remain separable.
To get a more physical insight we note that in the interaction picture of Hamiltonian
(6.2), the density matrix describing the state of three coupled bosonic modes evolves
as
d
dt
ρˆI =
∑
x=a,b
γLx(t)ρˆI + Γ(n¯+ 1)Lc(t)ρˆI + Γn¯Lc†(t)ρˆI , (6.24)
where Lx(t)ρˆI = e−iH
′
tLxρˆeiH
′
t, x  (a, b, c) and Lc†(t)ρˆI = e−iH
′
tLc† ρˆeiH
′
t. Using the
solution for the time dependent operators aˆ(t), bˆ(t) and cˆ(t) obtained from (6.3), it
follows that
[aˆI(t), bˆI(t), cˆI(t)]
T = G · [aˆ(0), bˆ(0), cˆ(0)]T , (6.25)
where G is a 3×3 time dependent complex matrix. It is easy to verify that the
Lindblad operators in the master equation (6.24) can only have one creation and one
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destruction operator of the bosonic modes a, b and c. In other words, even under
dissipation, linearity of the interaction Hamiltonian (6.2) is preserved and no squeez-
ing is generated between the coupled harmonic oscillators. This verifies our previous
assertion that solely under the action of passive linear interactions, harmonic oscilla-
tors initially prepared in classical Gaussian states, will always remain separable. In
the next section we shall begin with investigating the dynamics of an open chain of
three coupled oscillators, when the interactions between the oscillators are modelled
beyond the RWA.
6.2.2 Indirectly coupled harmonic oscillators interact-
ing without the rotating wave approximation
In the previous section we modelled the interaction between the oscillators using the
RWA. If the coupling strength κ is of the order of ω, then the RWA breaks down and
one has to consider the full Hamiltonian (6.1). In this section we will show a detailed
calculation of the dynamics governed by the master equation (6.4) with H ′ now given
by (6.1).
As before, we define a normal ordered quantum characteristic function χ(u, v, w, t)
=〈euaˆ†e−u∗aˆevbˆ†e−v∗bˆewcˆ†e−w∗cˆ〉, describing the state of the three coupled harmonic
oscillators. The master equation (6.4) can consequently be converted into a partial
differential equation for χ(u, v, w, t). For an initial Gaussian ansatz χ(u, v, w, t) =
exp[−zTA(t) z + i
zTh(t)], where zT = (x1, x2, w2, w1) with x1 = (u + u
∗ + v + v∗)/4, x2 = (u − u∗ +
v − v∗)/4i and w = w1 + iw2, the corresponding partial differential equation for
χ(u, v, w, t) becomes
(
∂
∂t
+ 2κzTNz)χ(u, v, w, t) = zTM∇χ(u, v ,w ,t), (6.26)
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where ∇ = ( ∂
∂x1
, ∂
∂x2
, ∂
∂w2
, ∂
∂w1
)T and
N =
 0 I
I n¯Γ/κI
 , M =
 −γI+ ωS U
V −ΓI− ωS
 . (6.27)
Here 0 is the 2× 2 null matrix, I is the 2× 2 identity matrix, and
S =
 0 1
−1 0
 , U =
 4κ 0
0 0
 , V =
 0 0
0 2κ
 . (6.28)
Using the Gaussian ansatz for the quantum characteristic function χ(u, v, w, t), it
easily follows that
∂χ
∂t
= −zTdA
dt
zχ+ izT
dh
dt
χ (6.29)
∇χ = −2Azχ+ ihχ. (6.30)
Using the above two equations, the partial differential equation (6.26) for χ becomes
−zTdA
dt
z + izT
dh
dt
χ+ 2κzTNzχ = −2zTMAzχ+ izTMhχ. (6.31)
Recalling that A(t) is a symmetric matrix, we can write
A(t) =
 P(t) Q(t)
Q(t)T R(t)
 , (6.32)
where P(t) and R(t) are 2×2 symmetric matrices. Then taking the symmetric part
of equation (6.31) one gets
− dA(t)
dt
+ 2κN = −MA−AMT (6.33)
dh
dt
= Mh. (6.34)
Using the above form of A(t), equation (6.33) reduces to the three coupled matrix
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differential equations
P˙ = ω(SP−PS)− 2γP+UQT +QU (6.35)
R˙ = ω(RS− SR)− 2ΓR+VQ+QTV+ 2n¯ΓI
Q˙ = ω(SQ+QS)− (Γ + γ)Q+PV+UR+ 2κI.
The above set of equations can be numerically solved for the time dependent matrices
P(t), R(t) and Q(t), which together with the solution h(t) = exp(Mt)h(0) allows us
to obtain the two-mode quantum characteristic function χ(u, v, w, t).
6.2.3 Directly coupled harmonic oscillators
We consider two coupled harmonic oscillators with modes labelled a and b and in-
teracting bilinearly with a position-dependent coupling. The unitary evolution of the
oscillators is then described by the Hamiltonian
H = ω(aˆ†aˆ+ bˆ†bˆ) + κ(aˆ+ aˆ†)(bˆ+ bˆ†), (6.36)
where ω is the identical resonance frequency of each oscillator and κ is the coupling
strength between the two oscillators. We can generalise the Hamiltonian (6.36) as
Hsys = ω(aˆ
†aˆ+ bˆ†bˆ) + κ(aˆbˆ+ bˆ†aˆ†) + (aˆ†bˆ+ bˆ†aˆ), (6.37)
and as can be seen when κ = , equation (6.37) reduces to (6.36).
If the two coupled oscillators interact with an environment which itself can be de-
scribed by a Gaussian state, then even under the resulting dissipative evolution, the
two coupled oscillators maintain their initial Gaussian character.
Assume that the time evolution of the system in the Born-Markov approximation is
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described by a Lindblad-type master equation of the form
∂ρ
∂t
= −i[Hsys, ρ] + 1
2
∑
j=a,b
[(Γj(n¯j + 1)Ljρ+ Γjn¯jLj†ρ)], (6.38)
where Γj is the decay rates of the jth oscillator, coupled to a heat bath with average
thermal occupancy n¯j.
One way to solve the master equation (6.38) is to rewrite it in terms of a partial
differential equation for the two-mode quantum characteristic function. We define
a normal ordered characteristic function as χ(a, ηb, t) = 〈eaaˆ†e−∗aaˆeηbbˆ†e−η∗b bˆ〉 and
make a Gaussian ansatz for the time-evolved characteristic function, χ(a, ηb, t) =
exp
[−yTL(t) y + iyTh(t)]. Here L(t) is a time dependent 4×4 symmetric matrix,
h(t) is a 4×1 time dependent vector and yT = (a, ∗a, ηb, η∗b ). The corresponding
partial differential equation for χ(a, 
∗
a, ηb, 
∗
b , t) then becomes [79]
∂
∂t
χ = zTMzχ+ zTN∇χ, (6.39)
where ∇ = ( ∂
∂a
, ∂
∂∗a
, ∂
∂b
, ∂
∂∗b
)T and
N =

iω − Γa 0 i −iκ
0 −iω − Γa iκ −i
i −iκ iω − Γb 0
iκ −i 0 −iω − Γb
 , (6.40)
M =

0 −Γan¯a iκ/2 0
−Γan¯a 0 0 −iκ/2
iκ/2 0 0 −Γbn¯b
0 −iκ/2 −Γbn¯b 0
 . (6.41)
From the Gaussian ansatz for the quantum characteristic function χ(u, v, w, t), it
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follows that
∂χ
∂t
= −zTdL
dt
zχ+ izT
dh
dt
χ (6.42)
∇χ = −2Lzχ+ ihχ. (6.43)
Using the above relations, the partial differential equation (6.39) for χ becomes
−zTdL
dt
z + izT
dh
dt
χ = zTMzχ− 2zTNLzχ+ izTNhχ. (6.44)
Recalling that L(t) is symmetric, we can write
L(t) =
 P(t) Q(t)
Q(t)T R(t)
 (6.45)
where P(t) and R(t) are 2×2 symmetric matrices. Taking the symmetric part of
(6.44) results in two matrix differential equations
dL(t)
dt
+M = NL+ LNT (6.46)
dh
dt
= Nh. (6.47)
Thus solving the master equation (6.38) reduces to solving the above coupled matrix
differential equations. Before providing details of the results obtained by the numerical
solution of above coupled matrix differential equations, in the next section we shall
derive a master equation describing the dynamics of two strongly coupled harmonic
oscillators where their individual environments are modelled as collections of harmonic
oscillators.
6.3 Bath induced dissipation
A master equation of standard Lindblad form guarantees the positivity of the time-
evolved density matrix. It may seem justified to simply add local Lindblad terms
140
CHAPTER 6. STRONGLY COUPLED HARMONIC OSCILLATORS
acting on the individual coupled oscillators a and b, as was done in the previous
section, but as we will show next, this is fraught with pitfalls. In what follows we
shall derive a Markovian master equation for two strongly coupled harmonic oscilla-
tors which are harmonically coupled to their local heat baths.The result is a master
equation of Lindblad form, but the Lindblad superoperators L do not act locally on
each individual oscillator.
The oscillators are as before labelled a and b and their coupled dynamics is governed
by the Hamiltonian (6.37). We consider a scenario where the two oscillators are
irreversibly coupled to local heat baths, each of which is modelled as a collection of
many harmonic oscillators. The Hamiltonian corresponding to the two independent
local heat baths is given by
Henv =
∑
Ω
Ωcˆ†ΩcˆΩ +
∑
Ω′
Ω′dˆ†Ω′ dˆΩ′ , (6.48)
where cˆΩ and dˆΩ′ represent the destruction operators for the bosonic modes of the
local heat baths for oscillators a and b, respectively. Assuming a bilinear coupling
between the position quadratures of each oscillator and the modes of their local heat
baths, the system-environment interaction takes the form
Hint =
∑
Ω
ζΩ(cˆ
†
Ω + cˆΩ)(aˆ+ aˆ
†) +
∑
Ω′
ηΩ′(dˆ
†
Ω′ + dˆΩ′)(bˆ+ bˆ
†), (6.49)
where ζΩ and ηΩ′ are the coupling strengths between each individual oscillator and
the corresponding environment [143]. The two coupled oscillators undergo unitary
evolution described by the Hamiltonian
H = Hsys +Henv +Hint. (6.50)
Using the Hamiltonian (6.50), a master equation describing the dissipative evolution
of the two coupled oscillators will now be derived.
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6.3.1 Derivation of the coupled oscillator master equa-
tion
In order to derive a master equation for the two coupled harmonic oscillators we shall
first diagonalise the Hamiltonian (6.37) by defining the centre of mass and relative
modes,
eˆ =
aˆ+ bˆ√
2
(6.51)
fˆ =
aˆ− bˆ√
2
. (6.52)
The Hamiltonian (6.37) now takes the form
Hsys = ω(eˆ
†eˆ+ fˆ †fˆ) +
κ
2
(eˆ2 + eˆ†2 − fˆ 2 − fˆ †2) + 
2
(eˆeˆ† + eˆ†eˆ− fˆ fˆ † − fˆ †fˆ) (6.53)
which can be diagonalised using a Bogoliubov transformation eˆ
eˆ†
 =
 α1 −β1
−β1 α1
 lˆ
lˆ†
 , (6.54)
 fˆ
fˆ †
 =
 α2 −β2
−β2 α2
 mˆ
mˆ†
 . (6.55)
The Hamiltonian (6.53) then takes the simplified form
Hsys = (α11 + α22)lˆ
†lˆ + (β11 + β22)mˆ†mˆ, (6.56)
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with
α11 =
(2ω + )α21 − 2κα1β1 + β21
2
(6.57)
α22 =
(2ω + )β21 − 2κα1β1 + α21
2
(6.58)
β11 =
(2ω − )α22 + 2κα2β2 − β22
2
(6.59)
β22 =
(2ω − )β22 + 2κα2β2 − α22
2
, (6.60)
where αi and βi are of the form
α21 =
1
2
+
1
2
+ ω√
(+ ω)2 − κ2 (6.61)
β21 = −
1
2
+
1
2
+ ω√
(+ ω)2 − κ2 (6.62)
α22 =
1
2
+
1
2
−+ ω√
(−+ ω)2 − κ2 (6.63)
β22 = −
1
2
+
1
2
−+ ω√
(−+ ω)2 − κ2 . (6.64)
Thus the free evolution of the two coupled oscillators and their local environments is
given by
Hsys +Henv = (α11 + α22)lˆ
†lˆ + (β11 + β22)mˆ†mˆ
+
∑
Ω
Ωcˆ†ΩcˆΩ +
∑
Ω′
Ω′dˆ†Ω′ dˆΩ. (6.65)
Re-expressing the bare modes a and b in terms of lˆ and mˆ, the Hamiltonian (6.50) in
the interaction picture with H0 = Hsys +Henv becomes
HI(t) =
∑
Ω,Ω′
[ζΩ(cˆI + cˆ
†
I)(α1lˆI − β1lˆ†I + α1lˆ†I − β1lˆI + α2mˆI − β2mˆ†I + α2mˆ†I − β2mˆI)
+ηΩ′(dˆI + dˆ
†
I)(α1lˆI − β1lˆ†I + α1lˆ†I − β1lˆI − α2mˆI + β2mˆ†I − α2mˆ†I + β2mˆI)], (6.66)
where HI(t) = e
−iH0tHinteiH0t, lˆI=lˆ e−i(α11+α22)t, mˆI = mˆ e−i(β11+β22)t, cˆI = cˆ e−iΩt,
dˆI = dˆ e
−iΩt and a factor of 1/
√
2 has been absorbed into the definition of gΩ and ηΩ′ .
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If the system-reservoir coupling is weak we can simplify the interaction Hamiltonian
(6.66) using the rotating wave approximation (RWA). Invoking the RWA essentially
amounts to dropping the fast oscillating terms proportional to cˆI lˆI , cˆImˆI , dˆI lˆI , dˆImˆI
and their Hermitian conjugates from the Hamiltonian (6.66), which results in
HI(t) = lˆIFˆ
†(t) + mˆIQˆ†(t) + h.c., (6.67)
where the noise operators are given by
Fˆ †(t) =
∑
Ω,Ω′
(α1 − β1)(ζΩcˆ†ΩeiΩt + ηΩ′ dˆ†Ω′eiΩ
′t), (6.68)
Qˆ†(t) =
∑
Ω,Ω′
(α2 − β2)(ζΩcˆ†ΩeiΩt − ηΩ′ dˆ†Ω′eiΩ
′t). (6.69)
Using the RWA and in the interaction picture with H0 = Hsys + Henv, the total
density matrix ρI representing the joint state of the two oscillators and their local
environments, evolves according to
ρ˙I(t) = −i[HI(t), ρI(t)], (6.70)
where HI(t) is given by Eq. (6.67). We assume that at t = 0 the joint state of the
system and environments is factorisable so that ρI(t = 0) = ρe(0) ⊗ ρsys(0) where
ρe(0) is the joint initial state of the two local baths and ρsys(0) is the density matrix
of the two coupled harmonic oscillators.
The evolution of the density matrix ρsys representing the state of the two oscillators
is given by
ρ˙sys(t) = Treρ˙I(t) = −iTre[HI(t), ρI(t)], (6.71)
where Tre denotes the trace over the environmental degrees of freedom. If we also
assume that the state of the environment for each oscillator remains unaffected as a
result of the coupling, then the joint state of the system evolves as ρI(t) = ρe(0) ⊗
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ρsys(t). Formally integrating (6.70) gives
ρI(t) = ρI(0)− i
∫ t
0
[HI(t
′), ρI(t′)]dt′, (6.72)
which when substituted in (6.71) gives an integro-differential equation for the state
of the oscillators,
ρ˙sys(t) = −iTre[HI(t), ρI(0)]−
∫ t
0
Tre[HI(t), [HI(t
′), ρI(t′)]]dt′. (6.73)
For an environment in thermal equilibrium the first term in (6.73) is identically zero.
Using (6.67) the above integro-differential equation takes the form
ρ˙sys(t) = −
∫ t
0
Tre
[˜ˆ
lFˆ † + ˜ˆmQˆ† + h.c., [˜ˆlFˆ † + ˜ˆmQˆ† + h.c., ρe(0)⊗ ρsys(t′)]]dt′. (6.74)
Equation (6.74) can be rearranged as
ρ˙sys(t) = −
∫ t
0
Tre[HI(t)HI(t
′)ρe(0)⊗ ρsys(t′)−HI(t)ρe(0)⊗ ρsys(t′)HI(t′)
−HI(t′)ρe(0)⊗ ρsys(t′)HI(t) + ρe(0)⊗ ρsys(t′)HI(t′)HI(t)]dt′.
For environments in thermal equilibrium with flat spectral densities such that ζΩ = ζ
and ηΩ′ = η, together with the Markov approximation, one obtains
∑
Ω
ζ2Ωe
iΩ(t′−t) = ζ22piδ(t′ − t), (6.75)∑
Ω
η2Ω′e
iΩ′(t′−t) = η22piδ(t′ − t). (6.76)
One can easily verify that in the case of symmetric coupling of each oscillator to its
own environment at zero temperature such that piζ2 = piη2 = Γ, one obtains the
following master equation in the Schro¨dinger picture,
ρ˙(t) = −i[(α11 + α22)lˆ†lˆ + (β11 + β22)mˆ†mˆ, ρ(t)] + 〈Fˆ Fˆ †〉[2lˆρ(t)lˆ† − lˆ†lˆρ(t)− ρ(t)lˆ†lˆ]
+〈QˆQˆ†〉[2mˆρ(t)mˆ† − mˆ†mˆρ(t)− ρ(t)mˆ†mˆ], (6.77)
145
CHAPTER 6. STRONGLY COUPLED HARMONIC OSCILLATORS
where ρ(t) = e−iHsystρsys(t)eiHsyst is the density matrix representing the state of the
two coupled oscillators in the Schro¨dinger picture and the only non-zero two-time
noise correlation functions are of the form
〈Fˆ Fˆ †〉 = 2Γ(α1 − β1)2 (6.78)
〈QˆQˆ†〉 = 2Γ(α2 − β2)2. (6.79)
Reverting back to the bare modes a and b, the master equation (6.77) takes the form
ρ˙(t) = −i[Hsys, ρ(t)]
+Γ1[2aˆρ(t)aˆ
† − aˆ†aˆρ(t)− ρ(t)aˆ†aˆ]
+Γ2[2aˆ
†ρ(t)aˆ− aˆaˆ†ρ(t)− ρ(t)aˆaˆ†]
+Γ3[2aˆρ(t)aˆ− aˆaˆρ(t)− ρ(t)aˆaˆ]
+Γ3[2aˆ
†ρ(t)aˆ† − aˆ†aˆ†ρ(t)− ρ(t)aˆ†aˆ†]
+Γ1[2bˆρ(t)bˆ
† − bˆ†bˆρ(t)− ρ(t)bˆ†bˆ]
+Γ2[2bˆ
†ρ(t)bˆ− bˆbˆ†ρ(t)− ρ(t)bˆbˆ†]
+Γ3[2bˆρ(t)bˆ− bˆbˆρ(t)− ρ(t)bˆbˆ]
+Γ3[2bˆ
†ρ(t)bˆ† − bˆ†bˆ†ρ(t)− ρ(t)bˆ†bˆ†]
+Γ4[2aˆρ(t)bˆ
† − bˆ†aˆρ(t)− ρ(t)bˆ†aˆ]
+Γ5[2aˆ
†ρ(t)bˆ− bˆaˆ†ρ(t)− ρ(t)bˆaˆ†]
+Γ4[2bˆρ(t)aˆ
† − aˆ†bˆρ(t)− ρ(t)aˆ†bˆ]
+Γ5[2bˆ
†ρ(t)aˆ− aˆbˆ†ρ(t)− ρ(t)aˆbˆ†]
+Γ6[2bˆρ(t)aˆ− aˆbˆρ(t)− ρ(t)aˆbˆ]
+Γ6[2aˆρ(t)bˆ− aˆbˆρ(t)− ρ(t)aˆbˆ]
+Γ6[2bˆ
†ρ(t)aˆ† − aˆ†bˆ†ρ(t)− ρ(t)aˆ†bˆ†]
+Γ6[2aˆ
†ρ(t)bˆ† − bˆ†aˆ†ρ(t)− ρ(t)aˆ†bˆ†], (6.80)
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where the Γi are given by
Γ1 = (〈Fˆ Fˆ †〉α21 + 〈QˆQˆ†〉α22)/2
Γ2 = (〈Fˆ Fˆ †〉β21 + 〈QˆQˆ†〉β22)/2
Γ3 = (〈Fˆ Fˆ †〉α1β1 + 〈QˆQˆ†〉α2β2)/2
Γ4 = (〈Fˆ Fˆ †〉α21 − 〈QˆQˆ†〉α22)/2
Γ5 = (〈Fˆ Fˆ †〉β21 − 〈QˆQˆ†〉β22)/2
Γ6 = (〈Fˆ Fˆ †〉α1β1 − 〈QˆQˆ†〉α2β2)/2.
Equation (6.80) is the final form of the master equation describing the dynamics of
the two coupled harmonic oscillators interacting with independent zero temperature
baths with flat spectral densities.
6.3.2 The characteristic function
From the master equation (6.80) we obtain a partial differential equation for the
two-mode quantum characteristic function,
∂
∂t
χ = zTM1zχ+ z
TN1∇χ, (6.81)
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where ∇ = ( ∂
∂a
, ∂
∂∗a
, ∂
∂b
, ∂
∂∗b
)T and
N1 =

iω + Γ2 − Γ1 0 Γ5 − Γ4 + i −iκ
0 −iω + Γ2 − Γ1 iκ −i+ Γ5 − Γ4
i+ Γ5 − Γ4 −iκ iω + Γ2 − Γ1 0
iκ −i+ Γ5 − Γ4 0 −iω + Γ2 − Γ1
 (6.82)
M1 =

−Γ3 −Γ2 Γ˜x −Γ5
−Γ2 −Γ3 −Γ5 Γ˜y
Γ˜x −Γ5 −Γ3 −Γ2
−Γ5 Γ˜y −Γ2 −Γ3
 , (6.83)
with Γ˜x = iκ/2−Γ6 and Γ˜y = −iκ/2−Γ6. Using the numerical solution of equations
(6.39) and (6.81), or equivalently, equations (6.38) and (6.80), we can compare the
time evolution of the state of the two coupled oscillators initially prepared in Gaussian
states. This is the subject of the next section.
6.4 Time evolution
By numerically solving the master equations obtained in sections 6.2 and 6.3, we can
now compare the results of the two approaches. We are interested in studying the
time evolution of the oscillators initially prepared in Gaussian states. The state of
the oscillators can therefore be fully characterised in terms of the covariance matrix.
Figures 6.1(a) and 6.1(b) show the average number of excitations for each oscillator
evolving according to equations (6.38) (with n¯a = n¯b = 0) and (6.80). One can clearly
see that the dissipative dynamics is different depending on which master equation and
model for dissipation is used. As will be discussed later, the mismatch between the
two approaches will become even stronger when one looks at the steady-state solutions
of the two different master equations obtained through the above two approaches.
To quantify the quantum correlations between the two oscillators, we investigate
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Figure 6.1: Average number of excitation quanta n = 〈aˆ†(t)aˆ(t)〉 = 〈bˆ†(t)bˆ(t)〉 for
each identically coupled oscillator, calculated using the master equations (6.38) (red,
solid) and (6.80) (green, thick solid), plotted as a function of time. Each oscillator
is initially in a vacuum state, and Γa = Γb = ω/100. In (a),  = κ = ω/20, and in
(b) κ = ω/3 and  = 0. Time is in units of 1/ω.
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the entanglement between the oscillators initially prepared in Gaussian states, and
evolving according to the master equations (6.38) and (6.80). For the case of two-
mode Gaussian states, the covariance matrix V is a 4 × 4 symmetric matrix with
Vij = (〈RiRj + RjRi〉)/2 where i, j{a, b} and RT = (qˆa, pˆa, qˆb, pˆb). Here qˆi and
pˆi are the position and momentum quadratures of the ith oscillator. As before, to
characterise the entanglement dynamics we use the logarithmic negativity (see Section
5.3.1 ). Using the numerical solutions of the partial differential equations (6.39) and
(6.81) we compute the logarithmic negativity, shown in Fig. 6.2(a) and Fig. 6.2(b).
As can be seen from these figures, the two different approaches for modelling the
system-reservoir interactions, discussed in Sections 6.2 and 6.3, yield quantitatively
very different results as far as quantum correlations between the two oscillators are
concerned.
The difference in the dynamics can be further illustrated by computing the quantum
fidelity between the time-evolved state of the two oscillators. In general, finding the
fidelity between two quantum states is difficult, but for Gaussian states it is possible to
arrive at a closed-form expression for the quantum fidelity in terms of the covariance
matrix. We trace over the state of one of the oscillators, and compute the fidelity
between the two different single-oscillator states resulting from the numerical solutions
of equations (6.39) and (6.81).
The one-mode quantum characteristic function χ(a) can be deduced from the two-
mode quantum characteristic function χ(a, b) through the identity χ(a, t) = χ(a, b =
0, t). In this way a one-mode Gaussian state of the pair of oscillators can be defined,
which is used for calculating the corresponding fidelity.
The quantum fidelity between two one-mode Gaussian states can be computed from
F = 2
(
√
Det[A1 +A2] + P −
√P (6.84)
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Figure 6.2: The logarithmic negativity plotted as a function of time, calculated using
numerical solutions of the master equations (6.38) (red, solid) and (6.80) (green,
thick solid). Each oscillator is initially in a vacuum state, and Γa = Γb = ω/100. In
(a)  = κ = ω/20, and in (b) κ = ω/3 and  = 0. Time is in units of 1/ω.
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where
P = (Det[A1]− 1)(Det[A2]− 1), (6.85)
and where Ai is the 2×2 covariance matrix corresponding to the i:th mode [144, 145].
The time evolution of the fidelity between the solutions of Sections 6.2 and 6.3 is shown
in Fig. 6.3(a) and Fig. 6.3(b), where the initial state was chosen to be the ground
state of each oscillator. As can be seen from these figures, when the inter-mode
coupling strength between the oscillators increases, the fidelity between the time-
evolved one-mode Gaussian states of each oscillator obtained through the solution of
master equations (6.38) and (6.80) decreases. Thus it is evident that if the oscillators
are strongly coupled then the solution of the master equation (6.38) starts to disagree
with the solution of the master equation (6.80). Nonetheless the fidelity between the
two solutions stays much above 99 % for a wide range of coupling strengths , κ. It
should be noted from Fig. 6.3(a) and 6.3(b) that the mismatch between the solution
of the master equations (6.38) and (6.80) becomes more prominent when increasing
the two-mode squeezing interaction strength κ.
One of the main differences in the dissipative evolution is brought to light when one
looks at the steady-state solutions of the master equations (6.38) and (6.77) respec-
tively. Re-expressing the coupled oscillator operators aˆ and bˆ and their Hermitian
conjugates in terms of the operators for the normal modes lˆ, mˆ and their Hermitian
conjugates, for identical heat baths (Γa = Γb = Γ) at zero temperature (n¯a=n¯b=0),
the master equation (6.38) can be re-written as
ρ˙(t) = −i[(α11 + α22)lˆ†lˆ + (β11 + β22)mˆ†mˆ, ρ(t)]
+
α21
2
ΓLlˆ +
α22
2
ΓLmˆ + β
2
1
2
ΓLlˆ† +
β22
2
ΓLmˆ†
−α1β1
2
ΓL˜lˆ −
α1β1
2
ΓL˜lˆ† −
α2β2
2
ΓL˜mˆ − α2β2
2
ΓL˜mˆ† , (6.86)
where Lxˆ=2xˆρxˆ†− xˆ†xˆρ−ρxˆ†xˆ and L˜xˆ=2xˆρxˆ− xˆxˆρ−ρxˆxˆ. Now it is a simple matter
to verify that the steady state of master equation (6.77) is ρss=|0〉ee〈0| ⊗ |0〉ff〈0|
152
CHAPTER 6. STRONGLY COUPLED HARMONIC OSCILLATORS
200100 t
99.6
99.8
100.
F H%L
(a)
200100 t
99.96
99.98
100.
F H%L
(b)
Figure 6.3: Time dependence of the quantum fidelity between the two one-mode
states of each oscillator computed from the numerical solutions of equations (6.38)
and (6.80) for Γa = Γb = ω/100, when (a)  = ω/20 and κ = 6ω/100 (red, thick
solid), κ = 10ω/100 (green, thick dashed), κ = 18ω/100 (pink, thin broken) and κ =
25ω/100 (black, thin solid), and (b) κ = ω/20 and  = 6ω/100 (red, thick solid), 
= 10ω/100 (green, thick dashed),  = 18ω/100 (pink, thin broken) and = 25ω/100
(black, thin solid). Each oscillator is initially in the vacuum state, and time is in units
of 1/ω.
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but that this is not the steady state of the master equation (6.86). This is one of the
crucial findings of the present work, and may be of great significance in understanding
the entanglement properties of the ground state of coupled harmonic oscillators.
6.5 Conclusions
We have discussed in detail the ubiquitous physical system of two coupled harmonic
oscillators and the possibility of generating quantum entanglement in coupled har-
monic oscillators under two different physical settings. Firstly, when the oscillators
are interacting indirectly through a middle oscillator and secondly, when the two os-
cillators are directly coupled. We have investigated the quantum dynamics of the
oscillators when the interactions are modelled with and without making the rotating
wave approximation.
We have found that if the RWA is made then under the action of passive linear
interactions the coupled harmonic oscillators, initially prepared in classical Gaussian
states, will always remain separable. This has been found to hold true both in the
presence and absence of dissipation. On the other hand, if the RWA is not made then
quantum entanglement does build up between coupled harmonic oscillators.
We have derived a Markovian master equation where the interaction between the
oscillators is modelled beyond the RWA. We compared two situations. First, the
dissipation of each oscillator was modelled as a harmonic coupling to a bath of har-
monic oscillators. This situation was then compared with the resulting dynamics
when dissipation in the form of Lindblad terms in the master equation was added
phenomenologically to each individual oscillator.
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Entanglement is one of the major cornerstones of quantum theory and it endows a
multi-partite state with the strange possibility to simultaneously exist and not exist
among its different partitions at the same time. Entanglement is a unique attribute of
the quantum world which could be held responsible for its entire departure from the
classical world. Different subsystems of an entangled state are so strongly quantum
correlated that even in the case of space-like separation between them, the quantum
correlations persists.
The existence of quantum correlations is strange even at the microscopic scale, but
the mystery gets deeper if one tries to see quantum effects in the macroscopic or even
in the mesoscopic world. If one believes that quantum theory should be applicable
to our ‘classical’ world, then a big challenge is to see non-classical features in the
mesoscopic domain. Preparing bigger and bigger objects in non-classical states will
clearly ascertain the validity of the quantum theory to the mesoscopic domain. Such
investigations could also prove to be important benchmarks studies to investigate
different decoherence mechanisms and thus could help us in understanding the arising
of classicality at the macroscopic scale.
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Thus, the main motivation behind the theoretical work carried out in this thesis is
to investigate novel possibilities of preparing mesoscopic mechanical objects in non-
classical states. We hope that the theoretical analysis carried out in this thesis could
be a small step in bridging the gap between the quantum and the classical world.
The work might pave the way to improve our understanding of the quantum-classical
‘divide’ along with helping to realise novel applications of mesoscopic mechanical
systems for quantum information processing purposes.
Coupled harmonic oscillators capture the essential physics of many physical systems
which are accessible in laboratories these days. These include very different physical
systems such as coupled cavity modes, coupled nano- or micromechanical oscillators,
or even the interactions between quantum fluctuations of the optical and the me-
chanical modes in the linearised regime in an optomechanical setup, just to name a
few. Thus, a major part of the thesis is devoted to understand quantum features in
continuous variable systems with truly infinite-dimensional Hilbert spaces.
We have investigated genuine quantum features in coupled harmonic oscillators ini-
tially prepared in Gaussian states. A simplest possible physical system is two bi-
linearly coupled harmonic oscillators. For instance, classically this coupling arises
when two oscillators are coupled by an elastic spring. So far most of the studies
that explore the quantum physics of such systems have centred their attention on two
directly coupled oscillators. In the present work we have also extended this idea to
explore a slightly different scenario with two indirectly coupled oscillators, where the
indirect coupling between the two oscillators is mediated via another oscillator. This
apparently similar looking physical system is found to have its own interesting physics
embedded in it.
In the thesis we have centred our attention on the case when the harmonic oscilla-
tors are interacting under the action of a position-dependent coupling between their
coordinates. As long as the coupling between the oscillators is weak, the interaction
between the oscillators can be further approximated using the rotating-wave approx-
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imation (RWA). Under the RWA, the bilinear interaction between the oscillators is
simplified by dropping the two-mode squeezing terms from the Hamiltonian. For the
case of two resonant oscillators with characteristic frequency ω, the RWA works very
well as long as the inter-mode coupling strength between the oscillators κ is much
smaller than ω. We have compared in detail the effect of making or not making
the RWA. We have shown that for coupled harmonic oscillators initially prepared
in classical Gaussian states and evolving under the RWA Hamiltonian, there is no
possibility whatsoever of generating quantum correlations. This argument has been
extended to a more practical scenario when the two oscillators are coupled to their
local heat baths. On the other hand, on modelling the interaction between the oscil-
lators beyond the RWA, the state of the two oscillators does become inseparable for
initial classical separable states.
The main results reported in this thesis can be summarised as follows
• The thesis begins with encapsulating the physics of two indirectly coupled
nanocantilevers where the indirect interaction between the oscillators is me-
diated via the cloud of an ultra-cold atomic ensemble. The interaction between
the collective magnetic dipole moment of the atomic ensemble with the time-
dependent magnetic field generated due to the motion of the nanocantilevers
formed the basis of the scheme. The dynamics of the system was analysed both
in the Schro¨dinger and Heisenberg pictures. The entanglement present in the
system of two nanocantilevers is quantified in terms of negativity (N ) and tan-
gle (τ). The robustness of our proposal lies in the fact that entangled states
of nanomechanical systems could be generated even if the nanocantilevers are
initially prepared in mixed states. The scheme is further investigated if the
two nanocantilevers interact with the atomic ensemble in the dispersive regime
and also if the interaction between the two nanocantilevers and the ultra-cold
atoms is described beyond the commonly used rotating wave approximation.
The chapter is then further expanded to include the effect of unavoidable cou-
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pling with the external environment. It is then shown that by a suitable choice
of physical parameters, it is possible to engineer the reservoir to generate robust
entangled states of the two nanocantilevers.
• The theoretical investigations are extended to the case when the harmonic po-
tential of coupled oscillators is modulated with an external nonlinearity. In
particular, we investigated the dynamics of coupled oscillators when the har-
monic potential is modulated with an anharmonic potential proportional to the
fourth power of the oscillation amplitude of each oscillator from its equilibrium
position. The presence of external nonlinearity is found to strongly affect the
quantum dynamics of the oscillators. This is corroborated with a theoretical
investigation carried out for two different physical scenarios. One in which the
two nonlinear oscillators are interacting indirectly via a harmonic oscillator. In
a second scenario a physical setup is envisaged where a movable mirror mod-
elled as a nonlinear oscillator interacts with a quantised cavity mode. A physical
scheme to induce quartic nonlinearity to the motion of a mechanical oscillator
is also outlined.
• The theoretical analysis presented in the thesis is extended to a scheme to gen-
erate quantum correlations between two distant optomechanical cavities. With
analytical calculations augmented with numerical investigations, quantum cor-
relations are found to exist between various optical and mechanical modes in
the steady state at finite temperature.
• In the concluding chapter of the thesis, we have theoretically investigated the
quantum dynamics of strongly coupled bosonic modes. A master equation is
derived and the solution is compared with the case when the dissipation in
different modes is added phenomenologically. The dissipative evolution turned
out to be quite different in the above two cases. We find that introducing
dissipation through adding Lindblad operators corresponding to local heat baths
results in a steady state which is different from the one obtained as a solution of
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the master equation which takes into account the inter-mode coupling strength,
and thus correctly describes the dynamics of strongly coupled bosonic modes.
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BOGOLIUBOV TRANSFORMATION
Equation (3.50) can be diagonalised by the Bogoliubov transformations fˆ
fˆ †
 =
 α1 −β1
−β1 α1
 Dˆ1
Dˆ†1
 (A.1)
 gˆ
gˆ†
 =
 α2 −β2
−β2 α2
 Dˆ2
Dˆ†2
 , (A.2)
where α2i − β2i = 1 and [Dˆi, Dˆ†i ] = 1 for i = 1, 2. Under the above transformations,
the diagonalised Hamiltonian takes the form
H =
[
Dˆ†1 Dˆ1
] D11 0
0 D22
 Dˆ1
Dˆ†1
+ [ Dˆ†2 Dˆ2 ]
 D˜11 0
0 D˜22
 Dˆ2
Dˆ†2

+
[
sˆ† sˆ
] ω/2 0
0 ω/2
 sˆ
sˆ†
 (A.3)
161
APPENDIX A. BOGOLIUBOV TRANSFORMATION
where
D11 = (ω + κ/
√
2)α21 + (κ/
√
2)β21 −
√
2κα1β1 (A.4)
D22 = (ω + κ/
√
2)β21 + (κ/
√
2)α21 −
√
2κα1β1 (A.5)
D˜11 = (ω − κ/
√
2)α22 − (κ/
√
2)β22 +
√
2κα2β2 (A.6)
D˜22 = (ω − κ/
√
2)β22 − (κ/
√
2)α22 +
√
2κα2β2 (A.7)
α21 =
1
2
+
1
2
(ω +
√
2κ)√
(ω +
√
2κ)2 − 2κ2
(A.8)
β21 = −
1
2
+
1
2
(ω +
√
2κ)√
(ω +
√
2κ)2 − 2κ2
(A.9)
α22 =
1
2
+
1
2
(ω −√2κ)√
(ω −√2κ)2 − 2κ2
(A.10)
β22 = −
1
2
+
1
2
(ω −√2κ)√
(ω −√2κ)2 − 2κ2
. (A.11)
Using the diagonalised Hamiltonian (A.3), the Heisenberg equations of motion for the
time-evolved operators Dˆ†1(t), Dˆ
†
2(t) and sˆ
†(t) are
d
dt
Dˆ†1 = i[Hˆ, Dˆ
†
1], (A.12)
d
dt
Dˆ†2 = i[Hˆ, Dˆ
†
2], (A.13)
d
dt
sˆ† = i[Hˆ, sˆ†]. (A.14)
Making use of the fact that [Dˆi, Dˆ
†
j ] = δij we get
Dˆ†1(t) = e
iK1tDˆ†1(0) (A.15)
Dˆ†2(t) = e
iK2tDˆ†2(0) (A.16)
sˆ†(t) = eiωtsˆ†(0), (A.17)
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where
K1 = (ω + κ/
√
2)(α21 + β
2
1)− 2
√
2κα1β1 + (κ/
√
2)(α21 + β
2
1), (A.18)
K2 = (ω − κ/
√
2)(α22 + β
2
2) + 2
√
2κα2β2 − (κ/
√
2)(α22 + β
2
2). (A.19)
Now the explicit form of F can be constructed by expressing aˆ(t), bˆ(t), cˆ(t) in terms
of fˆ(t), gˆ(t), sˆ(t) . For instance, the time-evolved operator aˆ(t) can be reexpressed as
aˆ(t) =
1
2
(fˆ(t) + gˆ(t)) +
sˆ(t)√
2
. (A.20)
Rewriting fˆ(t) and gˆ(t) in terms of Dˆ1(t), Dˆ2(t) and their Hermitian conjugates,
equation (A.20) takes the form
aˆ(t) = [
α21
2
fˆ(0) +
α1β1
2
fˆ †(0)]e−iK1t − [β
2
1
2
fˆ(0) +
α1β1
2
fˆ †(0)]eiK1t
+[
α22
2
gˆ(0) +
α2β2
2
gˆ†(0)]e−iK2t − [β
2
2
2
gˆ(0) +
α2β2
2
gˆ†(0)]eiK2t +
sˆ(0)√
2
e−iωt.(A.21)
In a similar manner the time-evolved expressions for the other mode operators can
also be obtained. Finally fˆ(0), gˆ(0) and sˆ(0) can be reexpressed in terms of aˆ(0),
bˆ(0) and cˆ(0) allowing us to get closed form analytical solutions for the time evolved
Heisenberg operators aˆ(t), bˆ(t), cˆ(t) and their hermitian conjugates.
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UNITARY OPERATOR
The unitary operator Sˆ in (4.13) which is used to transform the Hamiltonian Hˆ2 in
(4.17) gives the corresponding transformed time evolution operator
Uˆtrans(t) = exp
[
−iωktkˆ†kˆ + ig
2
kωm
ζ2
t(kˆ†kˆ)2
]
exp
[−iζtaˆ†aˆ− iβt(aˆ†aˆ)2] , (B.1)
where ζ = ωm + β. The untransformed operator Uˆ(t) then becomes
Uˆ(t) = e−SˆUˆtrans(t)eSˆ = exp
[
−iωktkˆ†kˆ + ig
2
kωm
ζ2
t(kˆ†kˆ)2
]
exp(−Sˆ) exp [−iζtaˆ†aˆ− iβt(aˆ†aˆ)2] exp(Sˆ). (B.2)
Using the Baker-Campbell-Hausdorff expansion [79] together with making the rotating
wave approximation, and also neglecting quadratic and higher order terms in gc/ζ,
(B.2) simplifies to
Uˆ(t) = exp
{
−i[ωktkˆ†kˆ − g
2
k
ζ2
[
ωmt− sin(ζt)](kˆ†kˆ)2 + βt(aˆ†aˆ)2
]}
× exp
[
gk
ζ
kˆ†kˆ(aˆ† − aˆ)− gk
ζ
kˆ†kˆ(aˆ†e−iζt − aˆeiζt)
]
exp
[−iζtaˆ†aˆ] . (B.3)
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